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STRONGLY OUTER ACTIONS OF AMENABLE GROUPS ON
Z-STABLE C∗-ALGEBRAS
EUSEBIO GARDELLA AND ILAN HIRSHBERG
Abstract. Let A be a separable, unital, simple, Z-stable, nuclear C∗-algebra,
and let α : G → Aut(A) be an action of a countable amenable group. If the
trace space T (A) is a Bauer simplex and the action of G on ∂eT (A) has finite
orbits and Hausdorff orbit space, we show that the following are equivalent:
(1) α is strongly outer;
(2) α⊗ idZ has the weak tracial Rokhlin property.
If G is finite, the above conditions are also equivalent to
(3) α⊗ idZ has finite Rokhlin dimension (in fact, at most 2).
When the covering dimension of ∂eT (A) is finite, we prove that α is cocycle
conjugate to α⊗ idZ . In particular, the equivalences above hold for α in place
of α⊗ idZ .
Our results generalize and extend a number of works by several authors,
and constitute an important step towards developing a classification theory for
strongly outer actions of amenable groups.
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1. Introduction
The Rokhlin property and its various generalizations form a collection of regular-
ity properties for group actions on C∗-algebras, whose roots stem from the Rokhlin
lemma in Ergodic Theory. Early works include the studies of cyclic group actions
on UHF-algebras by Herman and Jones, and Herman and Ocneanu, and later for
automorphisms by Kishimoto. Although the Rokhlin property is relatively com-
mon for actions of the integers, there are significantK-theoretic obstructions for the
Rokhlin property for finite group actions (and hence actions of groups which have
torsion). This was studied in depth by Izumi [14, 15] and spurred additional work.
One obstruction is that the Rokhlin property, at least for finite groups, implies
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certain divisibility properties on K-theory. Attempts to circumvent impediments
of this sort led Phillips to introduce the tracial Rokhlin property [26], where the
projections in the Rokhlin property are now assumed to have a left over which is
small in trace. Among other applications, the tracial Rokhlin property has been
used by Echterhoff, Lu¨ck, Phillips, and Walters [2] to study fixed point algebras
of the irrational rotation algebra Aθ under certain canonical actions of finite cyclic
groups.
The tracial Rokhlin property does not bypass the most obvious obstruction to
admitting Rokhlin actions: the existence of nontrivial projections. For example,
the Jiang-Su algebra has no nontrivial projections, and hence does not admit any
action of a nontrivial group with the tracial Rokhlin property. The need to study
weaker versions of these properties led to two further generalizations. The first one,
called the weak tracial Rokhlin property, which replaces projections with positive
elements, has been considered by the second author and Orovitz [10], Sato [28], and
Matui and Sato [21].
A different approach was taken in a paper by the second author, Winter, and
Zacharias [13], which introduced the notion of Rokhlin dimension. In this formu-
lation, the partition of unity appearing in the Rokhlin property is replaced by a
multi-tower partition of unity consisting of positive contractions, the elements of
each tower being indexed by the group elements and permuted by the group ac-
tion. Rokhlin dimension zero then corresponds to the Rokhlin property, but the
extra flexibility makes the property of having finite Rokhlin dimension a much
more common one. For example, for actions of the integers, Rokhlin dimension one
turns out to be generic for actions of Z-absorbing separable C∗-algebras. Finite
Rokhlin dimension is used as a tool to show that various structural properties of
interest pass from an algebra to the crossed product, particularly finiteness of the
nuclear dimension, and absorption of a strongly self-absorbing C∗-algebra. Rokhlin
dimension has been defined and studied for actions of various classes of groups:
for residually finite groups by Szabo´, Wu, and Zacharias [32]; for compact groups
by the first author [4, 3], the second author and Phillips [11], and further by the
authors and Santiago [5]; and for flows by the second author, Szabo´, Winter, and
Wu [12].
The focus of the study of the various Rokhlin-type properties naturally centered
on two extreme cases: either actions on commutative C∗-algebras or actions on
simple C∗-algebras. For instance, the results of [32, 12] focused on showing that
actions on commutative C∗-algebras of various groups have finite Rokhlin dimension
provided the Gelfand spectrum is finite dimensional and the induced action on the
spectrum is free. In the simple case, in [19, 20] Liao showed that for actions of
Zm on simple nuclear separable unital and Z-absorbing C∗-algebras, whose trace
simplex is a Bauer simplex with finite dimensional boundary and is fixed by the
action, strong outerness1 is equivalent to finite Rokhlin dimension. Liao’s argument
does not work for finite group actions, as torsion adds significant complications, and
part of the motivation for this paper was to find a suitable generalization for Liao’s
theorem to amenable groups that may have torsion.
1An action α : G→ Aut(A) of a discrete group G on a C∗-algebra A is said to be strongly outer
if for every g ∈ G\{e} and every τ ∈ T (A)αg , the weak extension of αg in the GNS representation
of A associated to τ is outer.
3This work focuses on actions on simple C∗-algebras. We study the relationships
between strong outerness, the weak tracial Rokhlin property and finite Rokhlin
dimension by showing that they are equivalent in many cases of interest. More
specifically, we obtain the following main results.
Theorem A. Let G be a countable amenable group, let A be a separable, simple,
Z-stable, nuclear unital C∗-algebra, and let α : G→ Aut(A) be an action. Suppose
that T (A) is a nonempty Bauer simplex, and that the induced action of G on
∂eT (A) has finite orbits and Hausdorff orbit space. Then the following conditions
are equivalent:
(1) α is strongly outer;
(2) α⊗ idZ has the weak tracial Rokhlin property.
If G is finite, the above conditions are also equivalent to
(3) α⊗ idZ has finite Rokhlin dimension.
(4) α⊗ idZ has Rokhlin dimension at most 2.
The result above generalizes and extends a number of works by several authors,
and constitutes an important step towards developing a classification theory for
strongly outer actions of amenable groups on classifiable C∗-algebras. Observe that
all the tracial assumptions are automatically satisfied if either ∂eT (A) is finite; or
if α fixes all traces; or if G is finite.
Theorem B. Let G be a countable amenable group, let A be a separable, simple,
Z-stable, nuclear unital C∗-algebra, and let α : G→ Aut(A) be an action. Suppose
that ∂eT (A) is nonempty, compact and finite dimensional, and that the induced
action of G on ∂eT (A) has finite orbits and Hausdorff orbit space. Then α is cocycle
conjugate to α⊗ idZ .
In particular, since the weak tracial Rokhlin property and Rokhlin dimension
are cocycle conjugacy invariants, we deduce that in the context of Theorem A,
if dimcov(∂eT (A)) < ∞, then α ⊗ idZ can be replaced by α. The result takes
a particularly satisfying form for finite groups, since in this case one can replace
“cocycle conjugacy” by “conjugacy”, and no assumptions on Gy T (A) are needed:
Corollary C. Let G be a finite group, let A be a separable, simple, Z-stable,
nuclear unital C∗-algebra, and let α : G → Aut(A) be an action. Suppose that
T (A) is a nonempty Bauer simplex and dimcov(∂eT (A)) < ∞. Then α ⊗ idZ is
conjugate to α. Moreover, the following conditions are equivalent:
(1) α is strongly outer;
(2) α has the weak tracial Rokhlin property;
(3) α has finite Rokhlin dimension (in fact, at most 2).
Acknowledgements: The first named author is thankful to Nate Brown, Hung-
Chang Liao, Martino Lupini, Hannes Thiel, Qingyun Wang, and Stuart White for
helpful conversations, and Gabor Szabo for reading a previous version of this paper
and making various helpful comments. This work was initiated while the first named
author was visiting the second in October 2016, and part of it was completed while
the authors were participating in the workshop “Future targets in the classification
program for amenable C*-algebras”, held at the BIRS Centre, Banff, in September
2017.
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2. Absorption of McDuff actions
In this section, we isolate and study a particular class of discrete group actions on
the hyperfinite II1-factor R, which we call McDuff actions ; see Definition 2.1. This
class contains all actions obtained as infinite tensor products of finite-dimensional
unitary representations, as well as all Bernoulli (sub-)shifts. Moreover, just like for
the hyperfinite II1-factor, absorption of a McDuff action can be neatly characterized
in terms of equivariant embeddings into central sequence algebras; see Theorem 2.7.
Using this characterization, we show a pair of very useful results concerning Mc-
Duff absorption of equivariant W ∗-bundles: in Theorem 2.17, we show that if an
equivariant W ∗-bundle with finite dimensional base has fibers that absorb a fixed
McDuff action, then the bundle itself absorbs this action as well. The bundles that
we obtain in some of our applications do not have finite dimensional base, so we
also prove the following variant: if an equivariantW ∗-bundle has fibers that absorb
a fixed McDuff action, then the (R, idR)-stabilization of the bundle absorbs this
action as well; see Theorem 2.11. In other words, finite-dimensionality of the base
can be dispensed of at the cost of adding an equivariant copy of R.
The results in this section, which are also of independent interest, are fundamen-
tal tools that will be used in the remainder of this work.
We begin with the main definition of this section.
Definition 2.1. Let G be a discrete group and let δ : G → Aut(R) be an action.
We say that δ is McDuff if there exist an equivariant isomorphism
ϕ : (R, δ)→ (R⊗R, δ ⊗ δ)
and unitaries (wn)n∈N in R⊗R satisfying
lim
n→∞
‖wnϕ(x)w∗n − 1⊗ x‖2 = 0 = limn→∞ ‖(δg ⊗ δg)(wn)− wn‖2
for all x ∈ R and for all g ∈ G.
The trivial action on R is clearly McDuff, as is any Bernoulli shift β : G →
Aut(⊗g∈GR).
Ocneanu has shown in [23] that any action of an amenable group absorbs the
trivial action on R, up to cocycle conjugacy. The analogous statement is false for
general nonamenable group actions; see [6].
Actions as in the following example will be relevant to our work.
Example 2.2. For n ∈ N, let νn : G → U(Mdn) be a unitary representation.
Assume that dn > 1 for infinitely many n ∈ N, and identify R with the weak
closure of
⊗
n∈N
Mdn in the GNS representation associated to its unique trace. We
define an action δν : G→ Aut(R) by setting, for g ∈ G,
δνg =
∞⊗
n=1
Ad(νn(g)).
Our next goal is to prove a characterization of absorption of a McDuff action
in terms of central sequence algebras (Theorem 2.7), which resembles McDuff’s
pioneering characterization of absorption of R. We need the result for equivariant
W ∗-bundles, which we proceed to define below. This is an equivariant version of
the notion introduced by Ozawa in Section 5 of [24].
5Definition 2.3. Let G be a discrete group, and let K be a compact metrizable
space. An equivariant W ∗-bundle over K is a quadruple (M,K,E, γ), where:
(1) M is a C∗-algebra;
(2) there is a given unital inclusion of C(K) into the center of M;2
(3) E : M → C(K) is a faithful conditional expectation satisfying E(ab) =
E(ba) for all a, b ∈M; and
(4) γ : G→ Aut(M) is an action satisfying γg ◦ E = E = E ◦ γg for all g ∈ G,
such that the norm-closed unit ball ofM is complete in the uniform 2-norm defined
by ‖a‖2,u = E(a∗a)1/2 for all a ∈M.
We say that the bundle is strictly separable if M contains a countable subset
which is dense in the uniform 2-norm.
For λ ∈ K, define a tracial state τλ on M by τλ = evλ ◦ E. If πλ : M →
B(L2(M, τλ)) denotes the associated GNS representation, we call the image Mλ
of πλ the fiber of M over λ. It is easy to check that γ induces an action γλ : G→
Aut(Mλ) which makes πλ equivariant.
The space K and the conditional expectation E are often suppressed from the
notation, and we will often simply say that M is a W ∗-bundle and that γ : G →
Aut(M) is a fiber-wise action.
The motivation for considering W ∗-bundles is given by the following example,
which is due to Ozawa [24]. Recall that a Choquet simplex is said to be Bauer if
its extreme boundary is compact.
Example 2.4. Let A be a unital, simple, separable C∗-algebra for which T (A) is a
nonempty Bauer simplex. We write A1 for the unit ball of A. Define the uniform 2-
norm ‖ · ‖2,u on A by ‖a‖2,u = supτ∈T (A) τ(a∗a)1/2 for all a ∈ A. Set K = ∂eT (A).
Write L2(A, u) for the C(K)-Hilbert module obtained as the completion of A in
the norm ‖ · ‖2,u, and set
A
u
= spanA1
‖·‖2,u ⊆ B(L2(A, u)).
Then A
u
has a natural structure of a W ∗-bundle over K with conditional ex-
pectation E : A
u → C(K) determined by E(a)(τ) = τ(a) for all a ∈ A and τ ∈ K.
Moreover, for τ ∈ K, the fiber of Au over τ can be canonically identified with the
weak closure A
τ
of the image of A under the GNS representation πτ associated to
τ .
EquivariantW ∗-bundles can be constructed from certain actions of C∗-algebras,
as follows.
Example 2.5. Adopt the notation from Example 2.4, and assume that T (A) is a
nonempty Bauer simplex. Let G be a discrete group, and let α : G→ Aut(A) be an
action. Assume that the orbit of every τ ∈ ∂eT (A) under α is finite, and that the
orbit space ∂eT (A)/G is Hausdorff
3. Set K = ∂eT (A). Then there is a canonical
faithful conditional expectation E : C(K)→ C(K/G) given by
E(f)(G · τ) = 1|G · τ |
∑
σ∈G·τ
f(σ)
2The choice of inclusion is part of the definition, but we lighten the notation by omitting it
throughout.
3This is automatically the case if the action of G on K factors through a finite subgroup, for
example if ∂eT (A) is finite.
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for all f ∈ C(K) and all τ ∈ K. Then M = Au has a natural structure of a
W ∗-bundle over K/G with conditional expectation M→ C(K/G) given by E ◦E.
Moreover, for τ ∈ K, the fiber of M over G · τ can be canonically identified with
the (finite) direct sum
⊕
σ∈G·τ
A
σ
.
We also need the following notions of equivalence of actions on W ∗-bundles.
Definition 2.6. Let M and N be W ∗-bundles over the same compact metrizable
space, let G be a discrete group and let γ : G → Aut(M) and β : G → Aut(N ) be
fiber-wise actions.
(1) We say that (M, γ) and (N , β) are conjugate (as equivariant W ∗-bundles)
if there exists an isomorphism of C∗-algebras ϕ : M→N satisfying
EN ◦ ϕ = EM and βg ◦ ϕ = ϕ ◦ γg
for all g ∈ G.
(2) We say that (M, γ) and (N , β) are cocycle conjugate (as equivariant W ∗-
bundles) if there exists a function u : G→ U(M) satisfying ugh = ugγg(uh)
for all g, h ∈ G, such that the actions g 7→ γug = Ad(ug) ◦ γg and β are
conjugate in the sense of (1) above.
The result below is stated for W ∗-bundles, but it is new even for von Neumann
algebras. The argument is mostly standard, and is inspired by McDuff’s original
work on absorption of R; see for example Proposition 3.11 in [1], which is the case
of the trivial group. Additional work is needed in to prove that (2) implies (1),
particularly to obtain the cocycle, and this has been noticed several times in the
C∗-algebraic setting [9, 21, 31].
Theorem 2.7. Let M be a strictly separable W ∗-bundle, let G be a countable
discrete group, let δ : G → Aut(R) be a McDuff action, and let γ : G → Aut(M)
be a fiber-wise action. Then the following are equivalent:
(1) (M, γ) is cocycle conjugate to (M⊗R, γ⊗ δ) (as equivariant W ∗-bundles);
(2) there exists a unital equivariant homomorphism (R, δ)→ (Mω ∩M′, γω).
When G is finite, condition (1) above can be replaced by
(1’) (M, γ) is conjugate to (M⊗R, γ ⊗ δ) (as equivariant W ∗-bundles).
Proof. (1) implies (2). Observe that if (N0, γ0) is cocycle conjugate to (N1, γ1), then
(Nω0 ∩N0, γω0 ) is conjugate to (Nω1 ∩N1, γω1 ). Since ((M⊗R)ω ∩ (M⊗R)′, (γ⊗δ)ω)
has a unital copy of (R, δ), so does (Mω ∩M′, γω).
(2) implies (1). The proof of this implication goes roughly as follows: consider
the first tensor factor embedding ιM : M → M⊗R, which is equivariant with
respect to γ and γ ⊗ idR. We aim at finding a sequence (wn)n∈N of unitaries
in M⊗R, and a (γ ⊗ idR)-cocycle u : G → U(M⊗R), such that Ad(wn) ◦ ιM
converges to an isomorphism ϕ : M→M⊗R, which is equivariant with respect to
γ and the u-cocycle perturbation of γ ⊗ idR. The following is the starting point of
the construction.
Claim: There exists a sequence (un)n∈N of unitaries in the fixed point algebra
((M⊗R)ω ∩ (M⊗R)′)(γ⊗idR)ω satisfying the following: for every contraction a ∈
M⊗R with ‖a‖ ≤ 1 there exists a contraction b ∈ (M⊗ 1R)ω satisfying
lim
n→∞
‖unau∗n − b‖ω2,u = 0.
7We prove the claim. Let θ : R → (Mω ∩M′)γω be a unital embedding, which
exists by assumption. Denote by ιR : R → M⊗R the second factor embedding,
regarded as an equivariant embedding (R, idR) → (M⊗R, γ ⊗ idR). Since the
images of θ and ιR commute, it is easy to show that θ and ιR induce a unital
homomorphism
θ ⊗ ιR : R⊗R → ((M⊗R)ω ∩ (M⊗R)′)(γ⊗idR)ω ,
which is determined by (θ ⊗ ιR)(x ⊗ y) = θ(x)ιR(y) for all x, y ∈ R. Since R⊗R
has approximately inner half flip, there exists a sequence (un)n∈N in the image of
θ ⊗ ιR satisfying lim
n→∞
‖un(1M ⊗ y)u∗n − θ(y)‖ω2,u = 0 for all y ∈ R. Hence,
lim
n→∞
‖un(x⊗ y)u∗n − (x⊗ 1R)θ(y)‖ω2,u = 0
for all x ∈ M and all y ∈ R.
It follows that there is a well-defined unital embedding η : M⊗R→ (M⊗ 1R)ω
given on simple tensors by η(x⊗ y) = (x⊗ 1R)θ(y) for all x ∈ M and all y ∈ R. In
particular, for a ∈ M⊗R with ‖a‖ ≤ 1, the element b = η(a) ∈ (M⊗1R)ω satisfies
lim
n→∞
‖unau∗n − b‖ω2,u = 0, and the claim is proved.
Let (an)n∈N and (bn)n∈N be ‖ · ‖2,u-dense sequences of the unit balls of M⊗R
and M, respectively, and let (Fn)n∈N be an increasing sequence of finite subsets
of G whose union equals G. We will inductively apply the claim to the elements
an. Recall that ιM : M → M⊗R denotes the (equivariant) first tensor factor
embedding. Upon lifting the unitaries provided by the claim, we choose, for each
n ∈ N, a unitary vn ∈ M⊗R and elements x(1)n , . . . , x(n)n ∈M satisfying:
(a)
∥∥∥Ad(v1 · · · vn)(aj)− ιM(x(j)n )∥∥∥
2,u
≤ 1n for all j = 1, . . . , n;
(b) ‖vnιM(bj)− ιM(bj)vn‖2,u ≤ 12n for all j = 1, . . . , n;
(c)
∥∥∥vnιM(x(j)n )− ιM(x(j)n )vn∥∥∥
2,u
≤ 12n for all j = 1, . . . , n;
(d) ‖(γ ⊗ idR)g(vn)− vn‖2,u ≤ 12n for all g ∈ Fn.
For n ∈ N, set wn = v1 · · · vn, which is a unitary in M⊗R. For j ∈ N, the
sequence (Ad(wn)(ιM(bj)))n∈N is Cauchy with respect to ‖ · ‖2,u. Since the unit
ball of M⊗R is complete with respect to this norm, this sequence converges to a
contraction ϕ(bj) ∈ M⊗R. Since the assignment bj 7→ ϕ(bj) is linear and isometric
with respect to ‖ · ‖2,u, it extends to a unital isometric map ϕ : M→M⊗R, which
is easily seen to be a ∗-homomorphism. By condition (c) above, we have
‖ϕ(bj)−Ad(wn)(bj)‖ ≤
∞∑
k=m+1
1
2k
=
1
2m
for all j ∈ N and all m ≥ j. Using condition (a) at the second step, we deduce that
‖ϕ(bj)− aj‖ ≤ 1
2m
+ ‖Ad(wm)(bj)− aj‖ ≤ 1
2m
+
∞∑
k=m+1
1
2k
=
1
2m−1
for all m ≥ j. By density of (an)n∈N and (bn)n∈N, it follows that ψ is surjective,
and hence an isomorphism.
We claim that ψ is an isomorphism of W ∗-bundles. Indeed, for j ∈ N we use
that EM is tracial to get
(EM⊗R ◦ ψ)(bj) = limn→∞(EM ⊗ τR)(Ad(wn)(ιM(bj))) = EM(bj).
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From this it is clear that EM⊗R ◦ψ = EM, so ψ is an isomorphism of W ∗-bundles.
It remains to construct the cocycle and prove that ψ is equivariant. Let g ∈ G
and j ∈ N. By condition (d) above, the sequence (wn(γ⊗ idR)g(w∗n))n∈N is Cauchy
with respect to ‖ · ‖2,u. Thus, it converges to a unitary ug ∈ M⊗R. Denote by
u : G→ U(M⊗R) the resulting map. We claim that u is a cocycle for γ ⊗ idR. To
see this, let g, h ∈ G. Then
ug(γ ⊗ idR)g(uh) = lim
n→∞
wn(γ ⊗ idR)g(w∗n)(γ ⊗ idR)g(wn(γ ⊗ idR)h(w∗n))
= lim
n→∞
wn(γ ⊗ idR)g(w∗n)(γ ⊗ idR)g(wn)(γ ⊗ idR)gh(w∗n)
= lim
n→∞
wn(γ ⊗ idR)gh(w∗n)
= ugh,
as desired.
Finally, we show that ψ is equivariant with respect to γ and Ad(u) ◦ (γ ⊗ idR).
Let g ∈ G. Then
ψ ◦ γg = lim
n→∞
Ad(wn) ◦ ιM ◦ γg
= lim
n→∞
Ad(wn) ◦ (γ ⊗ idR)g ◦ ιM
= lim
n→∞
Ad(wn) ◦ (γ ⊗ idR)g ◦Ad(w∗n) ◦Ad(wn) ◦ ιM
= lim
n→∞
Ad(wn(γ ⊗ idR)g(w∗n)) ◦ (γ ⊗ idR)g ◦Ad(wn) ◦ ιM
= Ad(ug) ◦ (γ ⊗ idR)g ◦ ψ,
as desired. This finishes the proof in the general case.
We now turn to the last statement, so assume that G is finite. We claim that the
unitaries vn ∈ M⊗R can be chosen to satisfy condition (d) with ε = 0 (in other
words, we can choose vn to be in (M⊗R)γ⊗δ). This is follows from the following
claim:
Claim: if β : G → Aut(N ) is a fiber-wise action of a finite group G on a W ∗-
bundle N , and v ∈ U(N ) is a unitary satisfying maxg∈G ‖βg(v) − v‖2,u < 1, then
there exists a unitary v˜ ∈ U(N β) with ‖v˜ − v‖ ≤ 2maxg∈G ‖βg(v) − v‖2,u.
To prove the claim, set x = 1|G|
∑
g∈G βg(v). Then x is a contraction in N β , and
satisfies ‖x−v‖ ≤ maxg∈G ‖βg(v)−v‖2,u. Hence ‖x∗x−1‖2,u ≤ 2maxg∈G ‖βg(v)−
v‖2,u and also ‖xx∗ − 1‖2,u < 2maxg∈G ‖βg(v) − v‖2,u. By applying Lemma 3.2.1
in [16] to x ∈ N β , we can find a fixed unitary v˜ as in the statement.
For each n ∈ N, let wn ∈ (M⊗R)γ⊗δ be the unitary obtained from vn using
the previous claim. Then conditions (a), (b) and (c) are satisfied, with a bigger
tolerance, with v˜n in place of vn. It follows immediately from the definition that the
cocycle u : G → U(M⊗R) defined above is actually trivial whenever the unitaries
vn are G-invariant. Hence, the same argument used before, this time applied to
the unitaries v˜n, yields an isomorphism ψ˜ : M→M⊗R which is equivariant with
respect to γ and γ ⊗ δ, as desired. 
Definition 2.8. Let M be a strictly separable W ∗-bundle, let G be a discrete
group, let δ : G→ Aut(R) be a McDuff action, and let γ : G→ Aut(M) be a fiber-
wise action. We say that (M, γ) is δ-McDuff if it satisfies the equivalent conditions
in Theorem 2.7.
9In the case of McDuff actions as in Example 2.2, absorption can be characterized
using equivariant embeddings of matrix algebras, as we show next.
Theorem 2.9. Let G be a discrete group and let (νn)n∈N be a sequence of unitary
representations as in Example 2.2. Abbreviate δν to δ. LetM be a strictly separa-
ble W ∗-bundle, and let γ : G→ Aut(M) be a fiber-wise action. Then the following
are equivalent:
(1) (M, γ) is δ-McDuff;
(2) for every k ∈ N, there exists a unital homomorphism (Mdk ,Ad(νk)) →
(Mω ∩M′, γω).
Proof. (1) implies (2): Since condition (1) is equivalent to the existence of a unital
equivariant embedding of (R, δ) into (Mω ∩M′, γω) by Theorem 2.7, and (R, δ)
has a unital and equivariant copy of (Mdk ,Ad(νk)) for every k ∈ N, the result
follows.
(2) implies (1): Assume that there exists a unital homomorphism
ϕ : (Mdk ,Ad(νk))→ (Mω ∩M′, γω)
for every k ∈ N.
Claim: Fix k ∈ N. For any strictly separable, γω-invariant subalgebra N ⊆Mω,
there exists a unital equivariant homomorphism (Mdk ,Ad(νk))→ (Mω ∩ N ′, γω).
The proof uses a standard “speed-up” trick. Abbreviate (Mdk ,Ad(νk)) to just
(Md,Ad(ν)). Let (xm)m∈N be a strictly dense subset of N . For each m ∈ N, find
a bounded sequence (x
(n)
m )n∈N such that [(x
(n)
m )n∈N] = xm. Using Choi-Effros, find
a sequence (ϕn)n∈N of unital completely positive maps ϕn : Md →M satisfying:
• lim
n→ω
‖ϕn(ab)− ϕn(a)ϕn(b)‖2,u = 0 for all a, b ∈Md;
• lim
n→ω
‖ϕn(a)x − xϕn(a)‖2,u = 0 for all a ∈Md and for all x ∈M;
• lim
n→ω
‖γg(ϕn(a))− ϕn(νgaν∗g )‖2,u = 0 for all a ∈Md and for all g ∈ G.
Let {ej,k}1≤j,k≤d be a system of matrix units for Md, and let (Fn)n∈N be an
increasing sequence of finite subsets of G whose union equals G. For n ∈ N, choose
rn ∈ N such that
•
∥∥∥ϕrn(ej,k)x(n)m − x(n)m ϕrn(ej,k)∥∥∥
2,u
< 1n for all j, k = 1, . . . , d and for all
m ≤ n;
• ‖ϕrn(ej,k)ϕrn(ei,l)− δk,iϕrn(ej,l)‖2,u < 1n for all i, j, k, l = 1, . . . , d;
• ‖γg(ϕrn(ej,k)) − ϕrn(νgej,kν∗g )‖2,u < 1n for all g ∈ Fn, and for all j, k =
1, . . . , d.
Denote by ψ : Md →Mω the map induced by the subsequence (ϕrn)n∈N. It is then
easy to check that ψ is equivariant, and that its image is contained in Mω ∩N ′, as
desired. This proves the claim.
We construct a unital equivariant homomorphism (R, δ) → (Mω ∩ M′, γω)
as follows. Let ψ1 : (Md1 ,Ad(ν1)) → (Mω ∩ M′, γω) be any unital equivari-
ant homomorphism. Use the claim to find a unital equivariant homomorphism
ψ2 : (Md2 ,Ad(ν2))→ (Mω∩M′, γω) whose image commmutes with ψ1(Md1). Pro-
ceeding inductively, we find unital equivariant homomorphisms
ψk : (Mdk ,Ad(νk))→ (Mω ∩M′, γω),
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for k ∈ N, such that ψk(Mdk) commutes with ψj(Mdj) for j ≤ k − 1. These maps
induce a unital equivariant homomorphism
ψ :
(⊗
n∈N
Mdn ,
∞⊗
n=1
Ad(νn)
)
→ (Mω ∩M′, γω),
which extends to a unital equivariant homomorphism (R, δ)→ (Mω ∩M′, γω) by
uniqueness of the trace on
⊗
n∈N
Mdn . This completes the proof. 
Next, we need a result allowing us to conclude that a W ∗-bundle is equivari-
antly McDuff whenever its fibers are. The following strengthening of Lemma 3.17
in [1] will be used. We state the lemma for ultrapowers of W ∗-bundles (and not
ultraproducts), because this is all we will need here. The proof for ultraproducts
is, however, identical. Let K be a compact metrizable space and let ω be a free
ultrafilter. The ultracopower of K, denoted Kω =
∑
ωK, is the Gelfand spectrum
of the ultrapower
∏
ω
C(K). 4
Lemma 2.10. Let (M,K,E) be a strictly separable bundle, let G be a countable
group and let γ : G → Aut(M) be a fiber-wise action. Let ω be a free ultrafilter,
and let S ⊆ (M⊗R)ω be a ‖ · ‖ω2,u-separable, selfadjoint subset containing the unit.
Given a partition of unity f1, . . . , fm ∈ C(Kω), there exist projections
p1, . . . , pm ∈ ((M⊗R)ω ∩ S′)γ⊗idR
such that
m∑
j=1
pj = 1 and τλ(pjx) = fj(λ)τλ(x) for all x ∈ S and for all λ ∈ Kω.
Proof. We describe the modifications needed in the proofs of Lemma 3.16 and
Lemma 3.17 in [1]. The next claim is the necessary replacement of Lemma 3.16.
Claim: Fix x1, . . . , xr ∈M⊗R and a finite set F ⊆ G. Given ε > 0, there exist
projections q1, . . . , qn ∈M⊗R such that
m∑
j=1
qj = 1 and
(1) ‖qjxk − xkqj‖2,u < ε for all j = 1, . . . ,m and all k = 1, . . . , r;
(2) ‖(γ ⊗ idR)g(qj)− qj‖2,u < ε for all g ∈ G and all j = 1, . . . ,m;
(3) τλ(qj) = fj(λ) for all j = 1, . . . ,m and all λ ∈ K;
(4) |τλ(qjxk) − fj(λ)τλ(xk)| < ε for all j = 1, . . . ,m, all k = 1, . . . , r, and all
λ ∈ K.
To prove the claim, we use the notation of Lemma 3.16 in [1], except that what we
call here qj is called pj there. Observe that the hyperfinite II1-factor S = R ∩M ′k
carries the trivial action of G. Hence the image of the W ∗-bundle equivariant
embedding θ : Cσ(K,S) → (M⊗R) ∩ {y1, . . . , yr}′ is contained in the fixed point
algebra of the action γ⊗ idR. Thus, the projections et, for t ∈ [0, 1], can be chosen
to be fixed, and hence also the projections qj , for j = 1, . . . , n. This proves the
claim.
We turn to the proof of the statement. For k ∈ N, choose a sequence (x(n)k )n∈N
in M⊗R such that {[(x(n)k )n∈N] : k ∈ N} is dense in S. For each n ∈ N, find a
4The ultrapower of K, denoted Kω =
∏
ω
K, is defined as the quotient of
∏
ω
K modulo the
relation given by (xn)n∈N ∼ (yn)n∈N whenever {n ∈ N : xn = yn} ∈ ω. This space is not of
interest to us in this paper.
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partition of unity {f (n)1 , . . . , f (n)m } of C(K) such that [(f (n)j )n∈N] = fj in C(Kω) for
j = 1, . . . ,m. Let (Fn)n∈N be an increasing sequence of finite subsets of G with
G =
⋃
n∈N
Fn. By the previous claim, there are projections p
(n)
1 , . . . , p
(n)
m ∈ M⊗R
such that
•
m∑
j=1
p
(n)
j = 1,
• ‖(γ ⊗ idR)g(p(n)j )− p(n)j ‖2,u < 1n ,
• ‖p(n)j xk − xkp(n)j ‖ < 1n ,
• τλ(p(n)j ) = f (n)j (λ),
•
∣∣∣τλ(p(n)j xk)− f (n)j (λ)τλ(x(n)k )∣∣∣ < 1n
for all g ∈ Fn, for all j = 1, . . . ,m, for all k = 1, . . . , r, and for all λ ∈ K. Set
pj = [(p
(n)
j )n∈N] ∈ Mω for j = 1, . . . ,m. It is then clear that these projections
satisfy the desired conditions, and the proof is finished. 
Our next result is the variant of Theorem 2.17 that we described above.
Theorem 2.11. Let (M,K,E) be a strictly separable W ∗-bundle, let γ : G →
Aut(M) be a fiber-wise action of a discrete group G, and let δ : G → Aut(R) be
a McDuff action. If γλ : G → Aut(πλ(M)) is cocycle conjugate to γλ ⊗ δ : G →
Aut(πλ(M)⊗R) for every λ ∈ K, then γ ⊗ idR : G → Aut(M⊗R) is cocycle
conjugate to γ ⊗ idR ⊗ δ : G→ Aut(M⊗R⊗R).
Proof. Fix ε > 0 and finite subsets F ⊆ G and S ⊆M. For λ ∈ K, use Theorem 2.7
to find a unital equivariant homomorphism
ϕλ : (R, δ)→
(
πλ(M)ω ∩ πλ(M)′, (γλ)ω
)
.
Lift ϕλ to a unital linear contractive map ψλ : R → Mω ∩M′, and find an open
subset Uλ ⊆ Kω satisfying
(a) sup
τ∈Uλ
‖ψλ(a∗b)− ψλ(a)∗ψλ(b)‖ω2,τ < ε for all a, b ∈ S;
(b) sup
τ∈Uλ
‖γωg (ψλ(a))− ψλ(δg(a))‖ω2,τ < ε for all a ∈ S and all g ∈ F .
Using compactness of Kω, find m ∈ N and λ1, . . . , λm ∈ K such that
m⋃
j=1
Uλj =
Kω. Let f1, . . . , fm ∈ C(Kω) be a partition of unity subordinate to this cover. Let
S˜ be the ‖ · ‖ω2,u-separable, selfadjoint subset of (M⊗R)ω given by
S˜ =M⊗R∪ {γωg (ψλj (a))⊗ x : g ∈ F, a ∈ S, j = 1, . . . ,m, x ∈ R}.
Use Lemma 2.10 to find projections p1, . . . , pm ∈ ((M⊗R)ω ∩ S˜′)γ⊗idR satisfying
m∑
j=1
pj = 1 and τλ(pjx) = fj(λ)τλ(x) for all x ∈ S and for all λ ∈ Kω. Define a map
ψ : R→ (M⊗R)ω ∩ (S ⊗R)′ by
ψ(x) =
m∑
j=1
pj(ψλj (x) ⊗ 1R)
for all x ∈ R.
It is routine to check that
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(a’) ‖ψ(a∗b)− ψ(a)∗ψ(b)‖ω2,u < ε for all a, b ∈ S;
(b’) ‖γωg (ψ(a))− ψ(δg(a))‖ω2,u < ε for all a ∈ S and all g ∈ F .
Since F ⊆ G, S ⊆ M and ε > 0 are arbitrary, countable saturation of M⊗R
implies that there exists a unital, equivariant homomorphism (R, δ) → (M⊗R ∩
(M⊗R)′, γω), which implies the result by Theorem 2.7. 
In later sections, it will be crucial to know that the extra copy of the trivial action
on R can sometimes be dispensed of, whenever δ absorbs idR. In Theorem 2.17,
we show that this is the case for W ∗-bundles whose base space has finite covering
dimension. Despite being a purely W ∗-algebraic statement, its proof surprisingly
factors through actions on C∗-algebras, specifically on dimension drop algebras.
We therefore make a small digression from the theme of equivariantW ∗-bundles to
prove some facts about actions on dimension drop algebras that will be needed in
the sequel.
Notation 2.12. Given m,n ∈ N, we denote by Im,n the associated dimension drop
algebra:
Im,n = {f ∈ C([0, 1],Mm ⊗Mn) : f(0) ∈Mm ⊗ 1, f(1) ∈ 1⊗Mn}.
If G is a discrete group and u : G → U(Mm) and v : G → U(Mn) are unitary
representations, we denote by γu,v : G → Aut(Im,n) the restriction of idC([0,1]) ⊗
Ad(u)⊗Ad(v) : G→ Aut(C([0, 1]⊗Mm ⊗Mn)) to the invariant subalgebra Im,n.
Equivariant maps of order zero are a crucial tool to deal with dimension drop
algebras. The following definition is by now standard.
Definition 2.13. Let ψ : A→ B be a completely positive map between C∗-algebras
A and B. We say that ψ is order zero if ψ(a)ψ(b) = 0 whenever a, b ∈ A+ satisfy
ab = 0.
In the next proposition, for n ∈ N we write CMn for the cone C0((0, 1]) over
Mn, and we write C˜Mn for its minimal unitization.
Proposition 2.14. Let G be a discrete group, let m,n ∈ N, let u : G → U(Mm)
and v : G → U(Mn) be unitary representations, and let β : G → Aut(B) be an
action of G on a unital C∗-algebra B. Then the following are equivalent:
(1) There is a unital homomorphism π : (Im,n, γu,v)→ (B, β).
(2) There exist equivariant completely positive contractive order zero maps
ξ : (Mm,Ad(u))→ (B, β), and η : (Mn,Ad(v))→ (B, β)
with commuting ranges, that satisfy ξ(1) + η(1) = 1.
Proof. (1) implies (2): Define maps
ϕ : (Mm,Ad(u))→ (Im,n, γu,v) and ψ : (Mn,Ad(v))→ (Im,n, γu,v)
by ϕ(x)(t) = t(x⊗1) and ψ(y)(t) = (1−t)(1⊗y) for all x ∈Mm, for all y ∈Mn, and
all t ∈ [0, 1]. Then ϕ and ψ are equivariant completely positive contractive order
zero maps with commuting ranges that satisfy ϕ(1)+ψ(1) = 1. If a homomorphism
π as in the statement of (1) exists, then the maps ξ and η as in (2) are obtained by
setting ξ = π ◦ ϕ and η = π ◦ ψ.
(2) implies (1): Denote by f0 ∈ C0((0, 1]) the inclusion of (0, 1] into C. Define
equivariant homomorphisms
σ : (CMm), id⊗Ad(u))→ (B, β), and θ : (CMn), id⊗Ad(v))→ (B, β)
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by σ(f0⊗x) = ξ(x) and θ(f0⊗y) for all x ∈Mm and θ(f0⊗y) = η(y) for all y ∈Mn.
Denote by σ˜ and θ˜ the unital equivariant extensions of σ and θ, respectively, to the
minimal unitizations. Then the ranges of σ˜ and θ˜ commute, so they define a unital
homomorphism
σ˜ ⊗ θ˜ : C˜Mm ⊗ C˜Mn → B.
It is clear that the G-invariant element 1⊗ 1− (f0⊗ 1d)⊗ 1− 1⊗ (f0⊗ 1d) belongs
to the kernel of σ˜ ⊗ θ˜. Since the quotient of C˜Mm ⊗ C˜Mn by the (automatically
G-invariant) ideal generated by 1⊗ 1− (f0⊗ 1d)⊗ 1− 1⊗ (f0⊗ 1d) is isomorphic to
(Im,n, γu,v), there is an induced unital equivariant homomorphism π : (Im,n, γu,v)→
(B, β), as desired. 
Lemma 2.15. Let G be a discrete group, let m,n ∈ N, let u : G → U(Mm) and
v : G → U(Mn) be unitary representations, and assume that u unitarily equiva-
lent to a tensor factor of v. Then there is a unital equivariant homomorphism
(Mm,Ad(u))→ (Im,n, γu,v).
Proof. Let k = n/m. Upon replacing v with a unitarily equivalent representa-
tion (which yields a conjugate action), we may assume that there exists a unitary
representation w : G→ U(Mk) such that v = u⊗ w.
Denote by {ei,j : 1 ≤ i, j ≤ m} the matrix units of Mm. Set
u1 =
m∑
i,j=1
ei,j ⊗ ej,i ⊗ 1k ∈Mm ⊗Mm ⊗Mk,
and observe that ν1 is a unitary implementing the tensor flip a⊗ b⊗ c 7→ b⊗ a⊗ c
on Mm⊗Mm ⊗Mk. Moreover, ν1 is Ad(u⊗ u⊗w)-invariant. Since (Mm⊗Mm ⊗
Mk)
Ad(u⊗u⊗w) is finite dimensional, its unitary group is connected and hence there
is a continuous unitary path ν : [0, 1] → (Mm ⊗ Mm ⊗ Mk)Ad(u⊗u⊗w) satisfying
ν(0) = 1 and ν(1) = ν1. Define ι : Mm → Im,n by ι(a)(t) = ν(t)(a ⊗ 1)ν(t)∗ for
all a ∈ Mm and all t ∈ [0, 1]. It immediate to check that ι is a unital, equivariant
homomorphism, proving the lemma. 
We remind the reader that a unital order zero map is a homomorphism, by
Theorem 3.2 in [36].
Proposition 2.16. Let G be a discrete group, let B be a C∗-algebra, let β : G→
Aut(B) be an action, let d, n ∈ N and let ν : G → U(Md) be a unitary represen-
tation. Let ϕ1, . . . , ϕn : (Md,Ad(ν)) → (B, β) be completely positive contractive
equivariant order zero maps with commuting ranges and such that
n∑
j=1
ϕj(1) is a
contraction. Then there exists a completely positive contractive equivariant order
zero map ψ : (Md,Ad(ν))→ (B, β) with ψ(1) =
n∑
j=1
ϕj(1).
In particular, when B is unital and
n∑
j=1
ϕj(1) = 1, then there exists a unital
equivariant homomorphism ψ : (Md,Ad(ν))→ (B, β).
Proof. Using finite induction, it is enough to prove the statement for n = 2. Also,
without loss of generality we can assume that B is generated as a C∗-algebra by the
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images of ϕ1 and ϕ2. Set h = ϕ1(1) + ϕ2(1). Then h is a strictly positive central
element in B. For any a ∈Mp, for j = 1, 2 and for n ∈ N, set
zn,j(a) = ϕj(a)
(
h2 +
1
n
)−1/2
.
We claim that for any b ∈ B, and for j = 1, 2, the sequences bzn,j(a) and zn,j(a)b
converge. This is seen by essentially using the proof of Lemma 1.4.4 from [25], as
follows.
First note that since ϕj(a)
∗ϕj(a) ≤ h2, it follows that
zn,j(a)
∗zn,j(a) ≤ h2
(
h2 +
1
n
)−1
≤ 1
and thus zn,j(a) is a contraction. It therefore suffices to verify that the set
{b ∈ B : ‖b‖ ≤ 1 and (bzn,j(a))n∈N and (zn,j(a)b)n∈N are Cauchy}
is dense in the unit ball of B. As (h1/k)k∈N is an approximate unit for B, it suffices
to check that (h1/kbzn,j(a))n∈N and (zn,j(a)bh
1/k)n∈N are Cauchy for any b in the
unit ball of B and any fixed k. For any n,m ∈ N, set
dn,m =
(
h2 +
1
n
)−1/2
−
(
h2 +
1
m
)−1/2
.
Note that for any α > 1, we have hαdn,m → 0 as n,m → ∞ (which can be seen
by using spectral theory and considering those as functions on the spectrum of h).
Thus, we have
‖h1/kbzn,j(a)− h1/kbzm,j(a)‖2 = ‖h1/kbϕj(a)dn,m‖2
= ‖dn,mϕj(a)∗h1/kb∗bh1/kϕj(a)dn,m‖
≤ ‖dn,mh2(1+1/k)dn,m‖
= ‖h1+1/kdn,m‖
and thus (h1/kbzn,j(a))n∈N is Cauchy. One shows analogously that the sequence
(zn,j(a)h
1/kb)n∈N is Cauchy as well.
It follows that the sequence zn,j(a) converges in M(B) in the strict topology.
We thus define for j = 1, 2
ψj(a) = lim
n→∞
zn,j(a)
where the limit is taken to be in the strict topology. Then ψj is completely positive
contractive order zero, and since h is G-invariant, it is immediate that ψj is also
G-equivariant. Moreover, ψ1(1)+ψ2(1) = 1. By Proposition 2.14, there is a unital,
equivariant homomorphism
π : (Id,d, γν,ν)→ (B, β).
Use Lemma 2.15 to find a unital equivariant homomorphism ι : (Md,Ad(ν)) →
(Id,d, γ). Then π˜ ◦ ι : (Md,Ad(ν))→ (B, β) is a unital equivariant homomorphism.
The proof is completed by letting ψ : (Md,Ad(ν)) → (B, β) be the equivariant
completely positive contractive order zero map given by ψ(a) = π˜(ι(a))(ϕ1(1) +
ϕ2(1)) for all a ∈Md.
The last part of the statement is immediate, since a unital order zero map is a
homomorphism. 
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We recall ([36]) that a completely positive contractive map ψ : A → B between
unital C∗-algebras A and B is order zero if and only if it satisfies ψ(1)ψ(a∗a) =
ψ(a)∗ψ(a) for all a ∈ A.
Our next result is stated for product type actions as in Example 2.2, but in
Corollary 2.18 we will see that the same result is valid for an arbitrary McDuff
action, as long as the acting group is amenable.
Theorem 2.17. Let M be a strictly separable W ∗-bundle over a compact metriz-
able spaceK, let G be a countable discrete group, let νn : G→ U(Mdn) be a unitary
representation for n ∈ N, and let γ : G→ Aut(M) be a fiber-wise action. Suppose
that dim(K) <∞. Then the following are equivalent:
(1) (M, γ) is δν -McDuff;
(2) for each λ ∈ K, the fiber (Mλ, γλ) is δν-McDuff.
Proof. That (1) implies (2) follows from the existence of a canonical unital and
equivariant homomorphismMω∩M′ →Mωλ∩M′λ which is induced by the quotient
mapM→Mλ. Hence, ifMω∩M′ admits a unital and equivariant homomorphism
from (R, δν), then so does Mωλ ∩M′λ. (Note that this implication holds for any
McDuff action, not necessarily coming from unitary representations of G.)
We prove the converse. By Theorem 2.7, it is enough to construct, for every
k ∈ N, a unital equivariant homomorphism (Mdk ,Ad(νk)) → (Mω ∩M′, γω). We
follow a strategy similar to that used in [17]; see also [19]. The proof will be divided
in a pair of claims, resembling Proposition 7.4 and Lemma 7.5 in [17].
Fix k ∈ N and write Md and ν for Mdk and νk. For each λ ∈ K, we use
Theorem 2.7 to find a unital homomorphism
θλ : (Md,Ad(ν))→ (Mωλ ∩M′λ, (γλ)ω).
Claim 1: Let ε > 0, let m ∈ N, let F ⊆ G be a finite subset, and let S ⊆M be
a ‖ · ‖2,u-compact subset consisting of contractions. Then there exist an open cover
U of K, and families Φ(l) = {θ(l)1 , . . . , θ(l)rl }, for l = 1, . . . ,m, consisting of unital
completely positive contractive maps θ
(l)
j : Md → M, for j = 1, . . . , rl, such that
for all U ∈ U and all l = 1, . . . ,m, there exists j ∈ {1, . . . , rl} satisfying
(1.a) sup
τ∈U
∥∥∥θ(l)j (a)s− sθ(l)j (a)∥∥∥
2,τ
< ε for all 1 = 1, . . . ,m, all j = 1, . . . , rl, all
a ∈Md with ‖a‖ ≤ 1, and all s ∈ S;
(1.b) sup
τ∈U
∥∥∥θ(l)j (a)θ(k)i (b)− θ(k)i (b)θ(l)j (a)∥∥∥
2,τ
< ε for all l, k = 1, . . . ,m with l 6= k,
all j = 1, . . . , rl, for all i = 1, . . . , rk, and for all a, b ∈Md with ‖a‖, ‖b‖ ≤ 1;
(1.c) sup
τ∈U
∥∥∥θ(l)j (a∗a)− θ(l)j (a)∗θ(l)j (a)∥∥∥
2,τ
< ε for all l = 1, . . . ,m, for all j =
1, . . . , rl, and for all a ∈Md with ‖a‖ ≤ 1;
(1.d) sup
τ∈U
∥∥∥γg(θ(l)j (a)) − θ(l)j (νgaν∗g )∥∥∥
2,τ
< ε for all g ∈ F , for all l = 1, . . . ,m, for
all j = 1, . . . , rl, and for all a ∈Md with ‖a‖ ≤ 1;
(The tuple (U ; Φ(1), . . . ,Φ(m)) is an equivariant analog of an (ε, S)-commuting cov-
ering system; see Definition 7.1 in [17].)
To prove the claim, fix λ ∈ K, and let S˜ be a ‖ · ‖2,u-compact subset consisting
of contractions. Use Choi-Effros for the quotient map ℓ∞(N,Mλ)→Mωλ to find a
sequence (θ
(n)
λ )n∈N of unital completely positive contractive maps θ
(n)
λ : Md →Mλ
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that lift θλ. Use Choi-Effros again for the quotient map M → Mλ to lift the
maps ϕ
(n)
λ to a sequence of unital completely positive contractive maps Md →M.
By choosing a map far enough in the sequence, we may find a unital completely
positive contractive map ϕλ : Md →M satisfying
• ‖ϕλ(a)s− sϕλ(a)‖2,λ < ε for all a ∈Md with ‖a‖ ≤ 1 and for all s ∈ S˜;
• ‖ϕλ(a∗a)− ϕλ(a)∗ϕλ(a)‖2,λ < ε for all a ∈Md with ‖a‖ ≤ 1;
• ‖γg(ϕλ(a)) − ϕλ(νgaν∗g )‖2,λ < ε for all g ∈ F , and for all a ∈ Md with
‖a‖ ≤ 1.
By compactness of the unit ball ofMd and of S˜, and by continuity of the 2-norm,
we can find an open set Uλ of K containing λ such the estimates above hold with
respect to the ‖ · ‖2,τ -norm for all τ ∈ Uλ.
We finish the proof of the claim by induction on m. When m = 1, we cover K by
the open sets Uλ obtained in the previous paragraph for S˜ = S, and find an integer
r1 ∈ N and points λ1, . . . , λr1 ∈ K, such that U = {Uλ1 , . . . , Uλr1 } is a cover of K.
Then U and Φ(1) = {ϕλ1 , . . . , ϕλr1 } satisfy the desired properties.
Assume that we have found an open cover V and families Φ(j) for j = 1, . . . ,m−1,
satisfying the conditions in the statement. Denote by B the unit ball of Md. We
let ϕλ : Md →M and Wλ be as in the first part of this proof, for
S˜ = S ∪
m−1⋃
l=1
rl⋃
j=1
ϕ
(l)
j (B).
Find an integer rl ∈ N and points λ(l)1 , . . . , λ(l)rl ∈ K, such that U = {Uλ(l)1 , . . . , Uλ(l)rl }
is a cover of K. Let U be the family of sets of the form V ∩W
λ
(l)
j
, for j = 1, . . . , rl,
and set Φ(m+1) = {ϕ
λ
(l)
1
, . . . , ϕ
λ
(l)
rl
}. It is straightforward to check that these satisfy
the desired properties.
For the next claim, we set m = dim(K).
Claim 2: Let ε > 0, let F ⊆ G be a finite subset, and let S ⊆M be a ‖ · ‖2,u-
compact subset consisting of contractions. Then there exist completely positive
contractive maps ψ(0), . . . , ψ(m) : Md →M with
m∑
j=0
ψ(j)(1) = 1, satisfying
(2.a) ‖ψ(j)(a)s − sψ(j)(a)‖2,u < ε for all j = 0, . . . ,m, for all a ∈ Md with
‖a‖ ≤ 1, and for all s ∈ S;
(2.b) ‖ψ(j)(a)ψ(k)(b) − ψ(k)(b)ψ(j)(a)‖2,u < ε for all j, k = 0, . . . ,m with j 6= k,
and for all a, b ∈Md with ‖a‖, ‖b‖ ≤ 1;
(2.c) ‖ψ(j)(a∗a)−ψ(j)(a)∗ψ(j)(a)‖2,u < ε for all j = 0, . . . ,m, and for all a ∈Md
with ‖a‖ ≤ 1;
(2.d) ‖γg(ψ(j)(a)) − ψ(j)(νgaν∗g )‖2,u < ε for all g ∈ F , for all j = 0, . . . ,m, and
for all a ∈Md with ‖a‖ ≤ 1.
Let U be an open cover and let Φ(0), . . . ,Φ(m) be as in the previous claim. Since
covering dimension and decomposition dimension agree for compact metric spaces
(see Lemma 3.2 in [18]), there exists a refinement U ′ of U , such that U ′ is the union
ofm+1 finite subsets U0, . . . ,Um, with Uj = {U (j)1 , . . . , U (j)sj }, consisting of pairwise
disjoint open subsets of K.
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Let {f (j)k : j = 0, . . . ,m, k = 1, . . . , sj} be a partition of unity of K subordinate
to U ′, with supp(f (j)k ) ⊆ U (j)k . Observe that for fixed j, the functions f (j)1 , . . . , f (sj)sj
are pairwise orthogonal. We regard these functions as elements in C(K) ⊆ M,
and observe that they are left fixed by γ, since γ is a fiber-wise action (and, in
particular, trivial on C(K)).
Fix j ∈ {0, . . . ,m}. For k = 1, . . . , sj , let ϕ(j)k : Md →M be a unital completely
positive map belonging to Φ(j). Define a linear map ψ(j) : Md →M by
ψ(j)(a) =
sj∑
k=1
f
(j)
k ϕ
(j)
k (a)
for all a ∈ Md. Since the functions f (j)k belong to the center of M, they in par-
ticular commute with the images of the maps ϕ
(j)
k , and thus it follows that ψ
(j) is
completely positive and contractive.
It remains to show that ψ(0), . . . , ψ(m) satisfy the conditions of the claim. Since
the verification of conditions (1), (2) and (3) is similar to the verification of condi-
tions (i), (iii) and (iv) in the proof of Lemma 7.5 of [17], we will only check condition
(4). Fix g ∈ F , an index j ∈ {0, . . . ,m}, and a contraction a ∈ Md. Using that
γg(f
(j)
k ) = f
(j)
k for all k = 1, . . . , sj at the first step, and that these contractions are
orthogonal at the second step, we get
‖γg(ψ(j)(a)) − ψ(j)(νgaν∗g )‖2,u =
∥∥∥∥∥
sj∑
k=1
f
(j)
k
(
γg(ϕ
(j)
k (a))− ϕ(j)k (νgaν∗g )
)∥∥∥∥∥
= max
k=1,...,sj
∥∥∥γg(ϕ(j)k (a)) − ϕ(j)k (νgaν∗g )∥∥∥ < ε,
as desired. This finishes the proof of the claim.
To finish the proof of the theorem, we choose a countable set {xn}n∈N which
is ‖ · ‖2,u-dense in M, and an increasing sequence (Fn)n∈N of finite subsets of
G whose union equals G. Using the previous claim, we find completely positive
contractive maps ψ
(0)
n , . . . , ψ
(m)
n : Md → M satisfying conditions (2.a) through
(2.d) for ε = 1/n, F = Fn, and Sn = {x1, . . . , xn}. For j = 0, . . . ,m, let
ψj : Md → Mω be the map determined by (ψ(j)n )n∈N. It is then a routine exer-
cise to check that these are equivariant completely positive contractive maps of
order zero, with commuting ranges that are contained in Mω ∩ M′, satisfying
m∑
j=0
ψj(1) = 1. By Proposition 2.16, there is a unital equivariant homomorphism
(Md,Ad(ν))→ (Mω ∩M′, γω), and the result follows from Theorem 2.7. 
Next, we deduce that the equivalence in Theorem 2.11 holds for McDuff actions
that absorb idR, even if they are not of product type. In particular, this is the case
for any McDuff action of an amenable group.
Corollary 2.18. LetM be a strictly separableW ∗-bundle over a compact metriz-
able space K, let G be a countable discrete group, let δ : G→ Aut(R) be a McDuff
action, and let γ : G→ Aut(M) be a fiber-wise action. Suppose that dim(K) <∞.
If δ absorbs idR, then the following are equivalent:
(1) (M, γ) is δ-McDuff;
18 EUSEBIO GARDELLA AND ILAN HIRSHBERG
(2) for each λ ∈ K, the fiber (Mλ, γλ) is δ-McDuff.
When G is amenable, δ is automatically idR-absorbing.
Proof. It is clear that (1) implies (2), so assume that (2) holds, and assume that
δ is idR-absorbing. Then every fiber of (M, γ) is idR-McDuff, and since idR is a
product type action as in Example 2.2, Theorem 2.17 implies that (M, γ) is itself
idR-McDuff.
On the other hand, by Theorem 2.11, the W ∗-bundle (M⊗R, γ ⊗ idR) is δ-
McDuff. Combining all of the above, we obtain the following chain of cocycle
conjugacies (denoted ∼=cc):
(M, γ) ∼=cc (M⊗R, γ ⊗ idR) ∼=cc (M⊗R⊗R, γ ⊗ idR ⊗ δ) ∼=cc (M⊗R, γ ⊗ δ),
which finishes the proof.
Ocneanu has shown in [23] that any amenable group action on R is idR-McDuff
(essentially because the fixed point algebra is hyperfinite), which justifies the last
claim. 
The previous corollary will be used in the proof of Theorem 5.1 to show that
under very general conditions, any action of an amenable group on a Z-stable
C∗-algebra absorbs the trivial action on Z tensorially.
3. The weak tracial Rokhlin property
3.1. Pavings of amenable groups. Let G be a countable discrete group. Given
a finite subset K ⊆ G and ε > 0, we say that a finite set S ⊆ G is (K, ε)-invariant
if ∣∣∣∣∣∣S ∩
⋂
g∈K
gS
∣∣∣∣∣∣ ≥ (1− ε)|S|.
Recall that, by a result of Følner, G is amenable if and only if for every finite subset
K ⊆ G and every ε > 0, there exists a nonempty (K, ε)-invariant subset of G.
Definition 3.1. Let G be a discrete group and let ε > 0. A family (Sj)j∈J of finite
subsets of G is said to be ε-disjoint if there exist subsets Tj ⊆ Sj , for j ∈ J , such
that
|Tj| ≥ (1− ε)|Sj | and Tj ∩ Tk = ∅ whenever j 6= k.
Let F ⊆ G be a finite subset. A family S1, . . . , SN of finite subsets of G is said
to ε-pave the set F if there are finite subsets L1, . . . , LN of G such that:
(a)
⋃N
j=1 SjLj ⊆ F ;
(b) the sets SjLj, for j = 1, . . . , N , are pairwise disjoint;
(c) |F \⋃Nj=1 SjLj| < ε|F |;
(d) for each j = 1, . . . , N , the sets (Sjℓ)ℓ∈Lj are ε-disjoint.
Definition 3.2. Let S1, . . . , SN be finite subsets of a discrete group G. Given
ε > 0, we say that the sets S1, . . . , SN are an ε-paving system if there exist δ > 0
and a finite subset K ⊆ G such that S1, . . . , SN ε-pave any (K, δ)-invariant set.
The existence of paving systems is guaranteed by the following result of Ornstein
and Weiss.
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Theorem 3.3. Let G be an amenable group and let ε > 0. Then there exist N ∈ N
such that for any δ > 0 and every finite set K ⊆ G, there is an ε-paving system
S1, . . . , SN of G, with each Sj being (K, δ)-invariant, and such that the unit of G
belongs to S1.
The above theorem, except for the very last condition, is proved in Section 3
of [23], and the proof given there shows that one can always assume that S1 contains
the identity of G. (See, specifically, the construction of the sets S1, . . . , SN given
at the bottom of page 17 in [23].)
3.2. The weak tracial Rokhlin property for actions of amenable groups.
If A is a unital C∗-algebra and ω is a free ultrafilter over N, then every trace τ on
A extends canonically to a trace on Aω, which we denote by τω. We write JA for
the trace-kernel ideal in Aω (see Definition 4.3 in [17]), that is,
JA =
{
b = [(bn)n∈N] ∈ Aω : lim
n→ω
sup
τ∈T (A)
τ(b∗nbn) = 0
}
.
Below is the definition of the weak tracial Rokhlin property which we will work
with in the present paper. It is formally stronger than Definition 2.1 in [34], since
we assume the positive contractions to exist for any paving family, and not just
for some; this uniformity forces us to use the constant (ε/5)2. (We also use traces
instead of Cuntz comparison, but this difference is not as significant.) It will ulti-
mately follow from Theorem 3.7 that, in the context of this theorem, our definition
and Wang’s are in fact equivalent (and equivalent to strong outerness).
Definition 3.4. Let G be an amenable group, let A be a simple, separable unital
C∗-algebra, and let α : G→ Aut(A) be an action. We say that α has the weak tracial
Rokhlin property if for every ε > 0 and for every (ε/5)2-paving family S1, . . . , SN
of subsets of G, there exist positive contractions fℓ,g ∈ Aω ∩ A′, for ℓ = 1, . . . , N
and g ∈ Sℓ, satisfying:
(a)
N∑
ℓ=1
∑
g,h∈Sℓ
1
|Sℓ|
∥∥(αω)gh−1(fℓ,h)− fℓ,g∥∥ < ε;
(b) fℓ,gfk,h = 0 for all ℓ, k = 1, . . . , n, for all g ∈ Sℓ and for all h ∈ Sk with
(ℓ, g) 6= (k, h);
(c) fℓ,g(αω)h(fk,r) = (αω)h(fk,r)fℓ,g for all ℓ, k = 1, . . . , n, all g ∈ Sℓ and all
r ∈ Sk, and all h ∈ G;
(d) 1−
N∑
ℓ=1
∑
g∈Sℓ
fℓ,g belongs to JA;
(e) For τ ∈ T (A), for ℓ = 1, . . . , N and for g ∈ Sℓ, the value of τ(fℓ,g) is
independent of τ and g, and is positive.
We say that α has the tracial Rokhlin property, if the positive contractions fℓ,g
above can be chosen to be projections.
Condition (e) is a weakening of the uniformity condition considered by Matui-
Sato in [22]. Conditions (a) through (d) are inspired by Ocneanu’s characterization
of outerness for amenable group actions on the hyperfinite II1-factor; see [23]. For
later use, we isolate Ocneanu’s condition in the following definition.
Definition 3.5. Let G be an amenable group, let M be a W ∗-bundle, and let
γ : G → Aut(M) be an action leaving all fibers invariant. We say that γ has
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the W ∗-Rokhlin property if for every ε > 0 and for every (ε/5)2-paving family
S1, . . . , SN of subsets of G, there exist projections pℓ,g ∈Mω∩M′, for ℓ = 1, . . . , N
and g ∈ Sℓ, satisfying:
(a)
N∑
ℓ=1
∑
g,h∈Sℓ
1
|Sℓ|
∥∥∥γωgh−1(pℓ,h)− pℓ,g∥∥∥ω
2,u
< ε;
(b) pℓ,gpk,h = 0 for all ℓ, k = 1, . . . , N , all g ∈ Sℓ and all h ∈ Sk with (ℓ, g) 6=
(k, h);
(c) pℓ,gγ
ω
h (pk,r) = γ
ω
h (pk,r)pℓ,g for all ℓ, k = 1, . . . , N , all g ∈ Sℓ and all r ∈ Sk,
and all h ∈ G;
(d)
N∑
ℓ=1
∑
g∈Sℓ
pℓ,g = 1.
Condition (d) can be replaced with the seemingly weaker
(d’)
∥∥∥∥∥1− N∑ℓ=1 ∑g∈Sℓ pℓ,g
∥∥∥∥∥
ω
2,u
< ε.
To obtain (d) from (d’), simply add the defect projection, which has small trace-
norm, to any of the towers, and use a reindexing argument.
Remark 3.6. In [23], Ocneanu showed that given an amenable group G, there is
a unique (up to cocycle conjugacy) outer action of G on R, and that this action
has the W ∗-Rokhlin property. We will denote said action by µG : G → Aut(R),
or just by µ when G is understood. It follows from Ocneanu’s work that µ is a
McDuff action, in the sense of Definition 2.1. It is important for us to note that
Ocneanu’s model action, constructed in [23, Chapter 4], satisfies further that for
any ℓ = 1, 2, . . . , N and for any g, h ∈ Sℓ as in the definition of the W ∗-Rokhlin
property we have
τRω (pℓ,g) = τRω(pℓ,h) > 0.
This can be seen by inspecting the construction of the action as a limit of conju-
gations by unitaries ([23, Section 4.4]). Finally, it is easy to prove that any action
that absorbs µG has the W
∗-Rokhlin property, a fact that we will use repeatedly.
The goal of this section is to prove the equivalence of conditions (1) and (2) in
Theorem A, which, for convenience, are restated as follows.
Theorem 3.7. Let G be a countable amenable group, let A be a separable, simple,
nuclear, unital C∗-algebra, and let α : G → Aut(A) be an action. Suppose that
T (A) is a nonempty Bauer simplex, and that the induced action of G on ∂eT (A)
has finite orbits and Hausdorff orbit space. Then the following are equivalent:
(1) α is strongly outer;
(2) α⊗ idZ has the weak tracial Rokhlin property.
The first precursor of this result is Theorem 5.5 in [2], where the above result
is shown under the additional assumptions that A has tracial rank zero, A has a
unique tracial state, and G is finite. (Observe that nuclearity of A, or at least
amenability of its trace, is needed in Theorem 5.5 for the proof to work. Without
it, it is not clear that πτ (A)
′′ is isomorphic to R, preventing one from applying
Lemma 5.2.1 in [16].) More recently, Matui and Sato gave a proof of Theorem 3.7
in the case that A has finitely many tracial states, each of which is fixed by α, and
the group G is elementary amenable; see Theorem 3.6 in [22]. Here, we remove all
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the assumptions on G, and significantly relax the conditions on T (A). Our main
innovation is the systematic use of W ∗-bundles in the equivariant setting.
Since the implication (2) ⇒ (1) is immediate, we briefly describe our strategy
for (1) ⇒ (2). Adopt the notation from Example 2.5. Strong outerness of α im-
plies that the induced action of G on each fiber of (M,K/G) has the W ∗-Rokhlin
property; see Proposition 3.11. The first step is to show that the bundle action
γ : G → Aut(M) has the W ∗-Rokhlin property, and this is obtained as a conse-
quence of Theorem 2.17, using absorption of the canonical action on R with the
W ∗-Rokhlin property. The projections coming from the W ∗-Rokhlin property can
be approximated by positive contractions in A, and these elements will satisfy the
conditions in Definition 3.4 with respect to the uniform 2-norm, instead of the given
norm on A. We use the fact that the trace ideal in Aω is equivariantly a σ-ideal
(see Proposition 3.9) to obtain corrected elements which verify Definition 3.4.
We need the following analog of Kirchberg’s notion of a σ-ideal in the equivariant
setting. For Z-actions, this notion was already considered in [19].
Definition 3.8. Let G be a discrete group, let B be a C∗-algebra, let β : G →
Aut(B) be an action, and let J ⊆ B be an ideal satisfying βg(J) = J for all g ∈ G.
We say that J is an equivariant σ-ideal (with respect to β), if for every separable
β-invariant subalgebra C ⊆ B, there exists a positive contraction x ∈ (J ∩ C′)β
satisfying xc = c for all c ∈ C ∩ J .
It is easy to see that if a finite group acts on a C∗-algebra, then any σ-ideal is
automatically an equivariant σ-ideal: one just averages the positive contraction in
the definition of a σ-ideal to obtain a fixed one. When the group is amenable, an
exact averaging is not possible, but this is good enough to get equivariant σ-ideals
in sequence algebras, as we show below.
Proposition 3.9. Let A be a unital C∗-algebra, let G be a countable discrete
amenable group, let α : G → Aut(A) be any action, and let ω be a free ultrafilter
over N. Then the trace ideal JA is an equivariant σ-ideal in Aω.
Proof. We abbreviate JA to J . Let C ⊆ Aω be a separable, αω-invariant subalgebra.
Since J is a σ-ideal in Aω , there exists a positive contraction x ∈ J ∩C′ satisfying
xc = c for all c ∈ C ∩ J . By Kirchberg’s ε-test, it is enough to prove that for every
finite subset K ⊆ G and every ε > 0, there exists a positive contraction y ∈ J ∩C′
such that ‖(αω)k(y)− y‖ < ε for all k ∈ K and yc = c for all c ∈ (C ∩ J)αω .
We fix a finite subset K ⊆ G and ε > 0. Using amenability of G, find a finite
subset F of G such that |kF△F | ≤ ε2 |F | for all k ∈ K. Set y = 1|F |
∑
g∈F (αω)g(x).
For k ∈ K, we have
‖(αω)k(y)− y‖ =
∥∥∥∥∥∥ 1|F |
∑
g∈F
(αω)kg(x)− (αω)g(x)
∥∥∥∥∥∥
=
∥∥∥∥∥∥ 1|F |
∑
kF△F
(αω)kg(x) − (αω)g(x)
∥∥∥∥∥∥
=
1
|F |
∑
kF△F
‖(αω)kg(x)− (αω)g(x)‖ ≤ ε
2
2 = ε.
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Since J is an αω-invariant ideal, the positive contraction y also belongs to J . Finally,
it is also easy to check that y commutes with C, since C is also invariant under αω.
This concludes the proof. 
Recall (see Definition XVII.1.1 in [33]) that an automorphism ϕ of a von Neu-
mann algebra M is said to be properly outer if for every central projection p ∈ M
satisfying ϕ(p) = p, the restriction of ϕ to the corner pM is outer. An action
γ : G→ Aut(M) is said to be properly outer if γg is properly outer for all g ∈ G\{1}.
Proposition 3.10. Let G be a discrete group, let A be a separable C∗-algebra,
and let α : G → Aut(A) be a strongly outer action. Then ατg is properly outer for
all τ ∈ T (A)αg and for all g ∈ G \ {1}.
Proof. Let g ∈ G \ {1}, let τ ∈ T (A)αg , and let p ∈ Aτ be a central projection. We
denote by τ the extension of τ to A
τ
. Define a trace σ ∈ T (A) by σ(a) = τ (pa)/τ(p)
for all a ∈ A. Then σ is αg-invariant.
We claim that A
σ
can be naturally identified with pA
τ
. This is probably known
to the experts, but we include a proof for the sake of completeness. Observe first
that it follows directly from the Cauchy-Schwarz inequality that ‖·‖2,σ ≤ τ (p)−1/2‖·
‖2,τ . In particular, any ‖ · ‖2,σ-Cauchy sequence in A is also Cauchy with respect
to ‖ · ‖2,τ , and its limit in Aτ clearly belongs to pAτ . This shows that Aσ ⊆ pAτ .
Conversely, let (xn)n∈N be a ‖·‖2,τ -Cauchy sequence in A whose limit in Aτ belongs
to pA
τ
. Let (am)m∈N be a sequence in A converging to p in A
τ
. Given n ∈ N, there
exists mn ∈ N such that
‖xnamn − xn‖2,τ < 1/2n and ‖amnxn − xn‖2,τ < 1/2n.
Set yn = xnamn . Then
‖yn − ym‖2,σ ≤ τ (p)−1/2‖yn − ym‖2,τ ≤ 1/2n + 1/2m + ‖xn − xm‖2,τ
for all n,m ∈ N. In particular, (yn)n∈N is Cauchy with respect to ‖ ·‖2,σ, and it has
the same limit with respect to ‖ ·‖2,τ as (xn)n∈N. This shows the converse inclusion
and proves the claim.
To finish the proof, it suffices to observe that if αg becomes inner in the corner
pA
τ
, then it becomes inner in the weak extension with respect to σ, contradicting
strong outerness. 
Next, we verify that strongly outer actions induce actions with the W ∗-Rokhlin
property when passing to the weak closure with respect to any trace with finite
orbit. Note that for tracial von Neumann algebras, the assignment M 7→Mω ∩M ′
commutes with finite direct sums.
Proposition 3.11. Let G be a countable amenable group, let A be a separable,
locally reflexive, unital C∗-algebra, and let α : G → Aut(A) be a strongly outer
action. Let τ be an amenable extreme trace on A, and set Mτ = A‖·‖τ,α . Suppose
that the G-orbit of τ is finite. Then the weak extension of α to Mτ has the W ∗-
Rokhlin property and is µG-McDuff.
Proof. By Lemma 2.23 in [6], Mτ is isomorphic to
⊕
G/Stab(τ)
R. Moreover, since
G/Stab(τ) is finite, we have
Mωτ ∩M′τ ∼=
⊕
G/Stab(τ)
Rω ∩R.
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Hence the result follows from Ocneanu’s noncommutative Rokhlin theorem (Theo-
rem 6.1 in [23]), thanks to Proposition 3.10. 
We are now ready to prove the main result of this section.
Proof of Theorem 3.7. Note that α is strongly outer if and only if α⊗idZ is strongly
outer. Thus, it suffices to prove the theorem assuming that α is conjugate to α⊗idZ.
We adopt the notation from Example 2.5. In particular, we denote by (M, γ) the
equivariant W ∗-bundle obtained from (A,α). Let ω be a free ultrafilter over N,
and write π : Aω ∩A′ →Mω ∩M′ for the canonical quotient map, whose kernel is
contained in JA.
(2) implies (1). The argument is mostly standard, but we include the argument
for completeness. Let ε > 0 and let S1, . . . , SN be an (ε/5)
2-paving family of
subsets of G, and let (fℓ,g)ℓ=1,...,N,g∈Sℓ be a family of Rokhlin contractions as in
Definition 3.4. Set pℓ,g = π(fℓ,g) ∈ Mω ∩ M′. Then pℓ,g is a projection, and
the family (pℓ,g)ℓ=1,...,N,g∈Sℓ witnesses the fact that γ : G→ Aut(M) has the W ∗-
Rokhlin property from Definition 3.5. By considering the projections onto the
fibers ofM, which are finite direct sums of copies of R, we deduce that the induced
actions on the fibers of M have the W ∗-Rokhlin property, and are therefore outer.
It follows that α is strongly outer.
(1) implies (2). We abbreviate µG to µ. Note that (M⊗R, γ ⊗ µ) is conjugate
to (M, γ). By Proposition 3.11 and Theorem 2.11, the action γ is µ-McDuff, and
in particular has the W ∗-Rokhlin property from Definition 3.5. , Let ε > 0 and
let S1, . . . , SN be an (ε/5)
2-paving family of subsets of G. Find projections pℓ,g ∈
Rω ∩R′ for ℓ = 1, . . . , N and g ∈ Sℓ, satisfying:
•
N∑
ℓ=1
∑
g,h∈Sℓ
1
|Sℓ|
∥∥∥µωgh−1(pℓ,h)− pℓ,g∥∥∥ω
2,u
< ε;
• pℓ,gpk,h = 0 for all ℓ, k = 1, . . . , N , all g ∈ Sℓ and all h ∈ Sk with (ℓ, g) 6=
(k, h);
• pℓ,gµωh(pk,r) = µωh(pk,r)pℓ,g for all ℓ, k = 1, . . . , N , all g ∈ Sℓ and all r ∈ Sk,
and all h ∈ G;
•
N∑
ℓ=1
∑
g∈Sℓ
pℓ,g = 1.
Write τRω for the unique trace on the II1-factorRω . Since π : Aω∩A′ →Mω∩M′
is surjective and has kernel contained in JA, we can lift the projections
1M ⊗ pℓ,g ∈ 1M ⊗ (Rω ∩R′) ⊆ (M⊗R) ∩ (M⊗R)′ ∼=Mω ∩M′
to obtain positive contractions eℓ,g ∈ Aω∩A′, for ℓ = 1, . . . , N and g ∈ Sℓ, satisfying
(1) For ℓ = 1, . . . , N and g, h ∈ Sℓ, there exists cℓ,g,h ∈ JA such that
N∑
ℓ=1
∑
g,h∈Sℓ
1
|Sℓ|
∥∥∥(αωgh−1(eℓ,h)− eℓ,g)− cℓ,g,h∥∥∥ < ε;
(2) eℓ,gek,h ∈ JA for all ℓ, k = 1, . . . , N , all g ∈ Sℓ and all h ∈ Sk with
(ℓ, g) 6= (k, h);
(3) eℓ,gα
ω
h (ek,r) − αωh (ek,r)eℓ,g ∈ JA for all ℓ, k = 1, . . . , N , all g ∈ Sℓ and all
r ∈ Sk, and all h ∈ G;
(4) 1−
N∑
ℓ=1
∑
g∈Sℓ
eℓ,g ∈ JA.
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(5) τ(eℓ,g) = τRω (pℓ,g) = τRω (pℓ,h) > 0 for all ℓ = 1, . . . , N and all g, h ∈ Sℓ.
(The last condition follows from the property mentioned in Remark 3.6.)
Let C be the (separable) αω-invariant subalgebra of Aω generated by A and the
countable set
{(αω)g(eℓ,h) : g ∈ G, ℓ = 1, . . . , N, and h ∈ Sℓ} ∪ {cℓ,g,h : ℓ = 1, . . . , N, g, h ∈ Sℓ}.
Since JA is an equivariant σ-ideal in Aω by Proposition 3.9, there exists a positive
contraction x ∈ (JA ∩C′)αω with xc = c for all c ∈ JA ∩C. We use this element x
to “correct” the positive contractions eℓ,g, as follows. For ℓ = 1, . . . , N and g ∈ Sℓ,
set fℓ,g = (1− x)eℓ,g(1− x). We claim that these elements satisfy the conditions of
Definition 3.4.
First, fℓ,g is a positive contraction, and it commutes with the copy of A in Aω
because so do x and eℓ,g. Therefore fℓ,g belongs to Aω∩A′. Observe that condition
(d) is obviously satisfied. To check condition (a) in Definition 3.4, let ℓ = 1, . . . , N
and g, h ∈ Sℓ. Observe that (1−x)cℓ,g,h = 0, and use this at the second step to get∥∥(αω)gh−1 (fℓ,h)− fℓ,g∥∥ = ∥∥(αω)gh−1((1 − x)eℓ,h(1− x))− (1 − x)eℓ,g(1− x)∥∥
=
∥∥(1 − x) ((αω)gh−1(eℓ,h)− eℓ,g − cℓ,g,h)) (1 − x)∥∥
≤ ∥∥(αω)gh−1(eℓ,h)− eℓ,g − cℓ,g,h)∥∥ .
Thus,
N∑
ℓ=1
∑
g,h∈Sℓ
1
|Sℓ|
∥∥((αω)gh−1(fℓ,h)− fℓ,g)∥∥
≤
N∑
ℓ=1
∑
g,h∈Sℓ
1
|Sℓ|
∥∥((αω)gh−1(eℓ,h)− eℓ,g)− cℓ,g,h∥∥ < ε.
To check condition (b), let ℓ = 1, . . . , N , let g ∈ Sℓ and let h ∈ Sk with (ℓ, g) 6=
(k, h). We use that x commutes with the elements eℓ,g at the second step to get
fℓ,gfk,h = (1− x)eℓ,g(1− x)2ek,h(1 − x) = (1− x)eℓ,gek,h(1− x)3 = 0.
To check condition (c), let ℓ, k = 1, . . . , N , let g ∈ Sℓ and r ∈ Sk, and let h ∈ G.
Then
[fℓ,g, (αω)h(fk,r)] = [(1 − x)eℓ,g(1− x), (αω)h((1− x)ek,r(1− x))]
= (1 − x)2 ([eℓ,g, (αω)h(ek,r)]) (1− x)2 = 0.
To check condition (e), observe that
τ(fℓ,g) = τ((1 − x)eℓ,g(1− x)) = τ(eℓ,g) + τ(eℓ,gx) + τ(xeℓ,g) + τ(xeℓ,gx)
= τ(eℓ,g)
for all ℓ = 1, . . . , N , all g ∈ Sℓ and all traces τ ∈ T (A). Hence τ(fℓ,g) =
τRω∩R′(pℓ,g) > 0 for all ℓ = 1, . . . , N and all g ∈ Sℓ, and this value is indepen-
dent of τ and of g ∈ Sℓ. We conclude that condition (e) is satisfied, and the result
follows. 
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4. Finiteness of Rokhlin dimension
In this section, we complete the proof of Theorem A by computing the Rokhlin
dimension of a strongly outer action. More precisely, we show the following:
Theorem 4.1. Let G be a finite group, let A be a separable, simple, exact, finite,
unital C∗-algebra with property (SI) such that T (A) is a nonempty Bauer simplex.
Let α : G→ Aut(A) be a strongly outer action. Then
dimRok(α⊗ idZ) ≤ 2.
Remark 4.2. Adopt the assumptions of the theorem above, and suppose moreover
that ∂eT (A) has finite covering dimension. It will follow from Theorem 5.1 that α
is cocycle conjugate to α ⊗ idZ , and hence that α itself has Rokhlin dimension at
most 2.
Our result is inspired by analogous ones by Liao in [19, 20], where similar facts are
proved for Zm-actions. Nonetheless, our approach differs significantly from Liao’s,
in that we obtain the Rokhlin towers by centrally embedding suitable actions on
dimension drop algebras. The advantage of our approach is that it allows one to
deal with groups with torsion. Indeed, the application of property (SI) in [19]
(particularly Theorem 6.4 there) makes essential use of the fact that Z has no
torsion, and the methods used there seem to break down already for finite groups.
The notion of Rokhlin dimension has been defined in [13] for finite group and
integer actions on unital C∗-algebras, and extended to the non-unital case in [11],
and to actions of amenable residually finite groups in [32]. (There has also been
some work on Rokhlin dimension for non-discrete groups; see for example, [4], [3],
[5] and [12].) Here, we will only deal with finite groups and unital C∗-algebras.
Definition 4.3 (Definition 1.1 in [13]). Let G be a finite group, let A be a separable
unital C∗-algebra, and let α : G → Aut(A) be an action. Given d ∈ Z with d ≥ 0,
we say that α has Rokhlin dimension at most d, and write dimRok(α) ≤ d, if there
positive contractions f
(j)
g ∈ Aω ∩ A′, for j = 0, . . . , d and for g ∈ G, satisfying:
(a) (αω)g(f
(j)
h ) = f
(j)
gh for all j = 0, . . . , d and for all g, h ∈ g;
(b) f
(j)
g f
(j)
h = 0 for all j = 0, . . . , d and for all g, h ∈ G with g 6= h;
(c)
d∑
j=0
∑
g∈G
f
(j)
g = 1.
The Rokhlin dimension of α, denoted dimRok(α), is the smallest integer d such
that dimRok(α) ≤ d.
There is a strengthening of the Rokhlin dimension, called Rokhlin dimension
with commuting towers, where the elements f
(j)
g are assumed to moreover commute
with each other. We will not deal with this notion here.
We record here an equivalent definition of Rokhlin dimension, which uses seem-
ingly weaker conditions. That both definitions are equivalent is an immediate
consequence of Kirchberg’s ε-test.
Remark 4.4. In the context of Definition 4.3, we have dimRok(α) ≤ d if and only
if for every ε > 0 and for every finite subset F ⊆ A, there are positive contractions
f
(j)
g ∈ Aω, for j = 0, . . . , d and for g ∈ G, satisfying:
(a)
∥∥∥(αω)g(f (j)h )− f (j)gh ∥∥∥ < ε for all j = 0, . . . , d and for all g, h ∈ g;
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(b)
∥∥∥f (j)g f (j)h ∥∥∥ < ε for all j = 0, . . . , d and for all g, h ∈ G with g 6= h;
(c)
∥∥∥∥∥1− d∑j=0 ∑g∈G f (j)g
∥∥∥∥∥ < ε;
(d)
∥∥∥af (j)g − f (j)g a∥∥∥ < ε for all a ∈ F , for all g ∈ G and for all j = 0, . . . , d.
We begin by computing the Rokhlin dimension of a natural product-type action.
Proposition 4.5. Let G be a finite group, and set D =
⊗
n∈N
B(ℓ2(G)⊗n ⊕ C).
Define an action α : G → Aut(D) by αg =
⊗
n∈N
Ad(λ⊗ng ⊕ 1) for all g ∈ G. Then
dimRok(α) = 1.
Proof. Given m ∈ N, set Dm = B(ℓ2(G)⊗m ⊕ C) and let α(m) : G → Aut(Dm) be
the action given by α
(m)
g = Ad(λ⊗mg ⊕ 1) for all g ∈ G.
Claim: Let ε > 0 and n0 ∈ N. Then there exist m ∈ N with m ≥ n0 and positive
contractions f
(j)
g ∈ Dm, for g ∈ G and j = 0, 1, satisfying
(1) α
(m)
g (f
(j)
h ) = f
(j)
gh for all g, h ∈ G and for all j = 0, 1;
(2) f
(j)
g f
(j)
h = 0 for all g, h ∈ G with g 6= h and for all j = 0, 1;
(3)
∥∥∥∥∥1− ∑g∈G(f (0)j + f (1)g )
∥∥∥∥∥ < ε.
The claim shows that there exist Rokhlin towers in D∞ satisfying conditions
(a), (b) and (c) in Remark 4.4 for d = 1. We now explain how to find new towers
satisfying these conditions in addition to condition (d), and then prove the claim.
Let F ⊆ D be a finite set. For the ε > 0 given above, find n0 ∈ N such that
for every n ≥ n0 there exists a unital equivariant embedding ϕn : (Dn, α(n)) →֒
(D∞, α∞) satisfying
‖ϕn(x)a− aϕn(a)‖ ≤ ε
2
‖x‖
for all x ∈ Dn and all a ∈ F . Use the claim to find m ∈ N with m ≥ n0 and positive
contractions f
(j)
g ∈ Dm, for g ∈ G and j = 0, 1, satisfying conditions (1), (2) and (3)
above for the tolerance ε/2. One checks that the positive contractions ϕm(f
(j)
g ) ∈
D, for g ∈ G and j = 0, 1, satisfy conditions (a) through (d) in Remark 4.4, as
desired.
We proceed to prove the claim. By Fell’s absorption principle, if π : G → U(H)
is any finite dimensional representation of G on a Hilbert space H, then λ ⊗ π is
unitarily equivalent to a direct sum of dim(H) copies of λ. By writing λ⊗m as a
direct sum of |G|m−1 copies of λ, it follows that λ⊗m ⊕ 1 is unitarily equivalent to⊕|G|m−1
k=1 λ ⊕ 1. We fix such an identification for the remainder of the proof. For
the ε > 0 given, choose m ∈ N such that |G|m−2 > 2/ε and also m ≥ n0.
Let u0, u1 ∈ U(M|G|m+1) be unitaries satisfying
diag(λ⊗mg , 1) = u0(diag(λg , . . . , λg, 1)))u
∗
0 = u1(diag(1, λg, . . . , λg)u
∗
1
for all g ∈ G. For g ∈ G, let pg ∈ B(ℓ2(G)) denote the projection onto the span of
δg ∈ ℓ2(G), and observe that Ad(λg)(ph) = pgh for all g, h ∈ G, and
∑
g∈G
pg = 1.
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Let a0 : [0, |G|m−1]→ [0, 1] be given by a0(x) = x|G|m−1+1 for all x ∈ [0, |G|m−1],
and set a1 = 1− a0. For g ∈ G, set
f (0)g = u0(diag(0, a0(1)pg, . . . , a0(|G|m−1)pg))u∗0
and
f (1)g = u1(diag(a1(1)pg, . . . , a1(|G|m−1)pg), 0)u∗1.
These are positive contractions satisfying conditions (1), (2) and (3) above, thus
showing that dimRok(α) ≤ 1.
Finally, dimRok(α) = 0 is impossible because the unit of D is not divisible by
|G| in K0(D). 
Using the computation above, we will show that certain canonical actions on
dimension drop algebras admit Rokhlin towers that satisfy all the conditions in
Definition 4.3 except for centrality; see Proposition 4.9. We retain the notation
from Notation 2.12.
Definition 4.6. Let G be a finite group, and let k ∈ N. We denote by I(k)G the
dimension drop algebra
I
(k)
G =
{
f ∈ C ([0, 1],B(ℓ2(G)⊗k)⊗ B(ℓ2(G)⊗k ⊕ C)) : f(0) ∈ B(ℓ2(G)⊗k)⊗ 1,
f(1) ∈ 1⊗ B(ℓ2(G)⊗k ⊕ C)
}
and we denote by µ
(k)
G : G→ Aut(I(k)G ) the action γλ⊗k,λ⊗k⊕1.
Next, we give a recipe for constructing unital equivariant homomorphisms from
(I
(k)
G , µ
(k)
G ). We do so in a generality greater than necessary, because the proof is not
more complicated and in fact the higher level of abstraction makes the argument
conceptually clearer.
Remark 4.7. Let n ∈ N. Recall that Mn is the universal C∗-algebra generated by
elements {e1,k}nk=1 satisfying e1,ke∗1,j = δk,je1,1. Note that Hn = span{e1,k}nk=1 is
an n-dimensional Hilbert space with inner product given by 〈a, b〉e1,1 = ab∗ for all
a, b ∈ Hn. Moreover, any orthonormal basis of Hn which contains e1,1 is a set of
generators satisfying the same relations. In particular, any unitary operator on Hn
which fixes e1,1 extends to an automorphism of Mn which fixes the projection e1,1.
The following is an equivariant version of a well-known characterization of the
dimension drop algebra; see, for example, [17]. We note, however, that our proof is
new even in the non-equivariant setting.
Theorem 4.8. Let G be a finite group, let B be a unital C∗-algebra, and let
β : G → Aut(B) be an action. Let n ∈ N, let v : G → U(n) be a unitary rep-
resentation containing the trivial representation, and let e1,1 denote any rank-one
G-invariant projection in Mn. Suppose that there exist a completely positive con-
tractive equivariant order zero map
ξ : (Mn, γ)→ (B, β)
and a contraction s ∈ Bβ satisfying ξ(e11)s = s and ξ(1) + s∗s = 1.
Let γ be the restriction of the automorphism to In,n+1 of the action of G on
C([0, 1])⊗Mn ⊗Mn+1 given by
idC([0,1]) ⊗Ad(v) ⊗Ad(v ⊕ 1C).
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Then ξ can be extended to a unital, equivariant homomorphism
π : (In,n+1, γ)→ (B, β).
Proof. Denote by D the universal C∗-algebra generated by a set {s, fj,k : j, k =
1, . . . , n} of contractions satisfying:
(1) f∗j,k = fk,j for all j, k = 1, . . . , n.
(2) fj,kfl,m = δk,lfj,jfj,m for all j, k, l,m = 1, . . . , n.
(3) f1,1s = s.
(4)
∑n
j=1 fj,j + s
∗s = 1.
We claim that D is isomorphic to the dimension drop algebra In,n+1. We be-
gin by noting that In,n+1 ⊆ C([0, 1],Mn(n+1)) is isomorphic to the subalgebra of
C([0, 1],Mn(n+1)) of the continuous functions f such that f(0) can be written as
an n×n matrix in block form (where the blocks are scalar multiples of 1Mn+1), and
such that f(1) is in the subalgebra of Mn(n+1) isomorphic to Mn+1 which has is
generated by the elements F1,1, . . . , F1,n and F1,n+1 given as follows (each vertical
line represents n+ 1 entries, and the horizontal line appears after n rows):
F1,1 =

1 0 · · · 0 0 0 0 · · · 0 0 · · · 0 0 · · · 0 0
0 1 · · · 0 0 0 0 · · · 0 0 · · · 0 0 · · · 0 0
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
0 0 · · · 1 0 0 0 · · · 0 0 · · · 0 0 · · · 0 0
0 0 · · · 0 0 0 0 · · · 0 0 · · · 0 0 · · · 0 0
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
0 0 · · · 0 0 0 0 · · · 0 0 · · · 0 0 · · · 0 0

...
F1,n =

0 0 · · · 0 0 0 0 · · · 0 0 · · · 1 0 · · · 0 0
0 0 · · · 0 0 0 0 · · · 0 0 · · · 0 1 · · · 0 0
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
0 0 · · · 0 0 0 0 · · · 0 0 · · · 0 0 · · · 1 0
0 0 · · · 0 0 0 0 · · · 0 0 · · · 0 0 · · · 0 0
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
0 0 · · · 0 0 0 0 · · · 0 0 · · · 0 0 · · · 0 0

F1,n+1 =

0 0 · · · 0 1 0 0 · · · 0 0 · · · 0 0 · · · 0 0
0 0 · · · 0 0 0 0 · · · 0 1 · · · 0 0 · · · 0 0
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
0 0 · · · 0 0 0 0 · · · 0 0 · · · 0 0 · · · 0 1
0 0 · · · 0 0 0 0 · · · 0 0 · · · 0 0 · · · 0 0
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
0 0 · · · 0 0 0 0 · · · 0 0 · · · 0 0 · · · 0 0

Denote by ρ : [0, 1] → [0, 1] the identity function. For j, k = 1, . . . , n, let f˜j,k ∈
In,n+1 be the matrix-valued function which, written in n × n block form, has as
its (j, k)-th block the diagonal matrix valued function diag(1, 1, . . . , 1︸ ︷︷ ︸
n times
, 1− ρ), and 0
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elsewhere. Let s˜ be the matrix-valued function
s˜ =

0 0 · · · 0 √ρ 0 0 · · · 0 0 · · · 0 0 · · · 0 0
0 0 · · · 0 0 0 0 · · · 0 √ρ · · · 0 0 · · · 0 0
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
0 0 · · · 0 0 0 0 · · · 0 0 · · · 0 0 · · · 0 √ρ
0 0 · · · 0 0 0 0 · · · 0 0 · · · 0 0 · · · 0 0
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
0 0 · · · 0 0 0 0 · · · 0 0 · · · 0 0 · · · 0 0

,
where each vertical dividing line represents n+ 1 entries.
One checks that the functions f˜j,k for j, k = 1, . . . , n and s˜ satisfy the rela-
tions defining D and generate In,n+1. Fix a surjection π : D → In,n+1 satisfying
π(fj,k) = f˜j,k for all j, k = 1, . . . , n and π(s)s˜. It remains to show that π is injective.
Claim 1: For j, k = 1, . . . , n, the following identities hold:
(1) fj,jfj,k = fj,kfk,k for all j, k = 1, . . . , n.
(2) For any j = 1, . . . , n, we have sfj,1s = 0.
The first of these is readily checked. The following computation establishes the
second identity, where we use that f1,1s = s repeatedly:
(sfj1s)
∗(sfj1s) = s
∗f1js
∗sfj1s
= s∗f1j
(
1−
n∑
i=1
fii
)
fj1s
= s∗f1jfj1s− s∗f1jfjjfj1s
= s∗f211s− s∗f311s = 0
This proves the claim.
Set
b = s∗s+
n∑
j=1
fj,1ss
∗f1,j = s
∗s+ ss∗ +
n∑
j=2
fj,1ss
∗f1,j.
Note that b is a positive contraction (as can be seen using that all of the summands
in its definition of b are pairwise orthogonal). One checks that π(b) = ρ · 1, and
therefore sp(b) = [0, 1].
Claim 2: b belongs to the center of D. Let j, k = 1, . . . , n. Then
fj,kb = fj,ks
∗s+ fj,jfj,1ss
∗f1,k
and
bfj,k = s
∗sfj,k + fj,1ss
∗f1,kfk,k.
We show term by term that both expressions agree. For the first terms in both
right hand sides, we have
fj,ks
∗s = fj,k
(
1−
n∑
i=1
fi,i
)
= fj,k − fj,kfk,k = fj,k − fj,jfj,k
=
(
1−
n∑
i=1
fi,i
)
fj,k = s
∗sfj,k.
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For the second terms in both right hand sides, we have
fj,jfj,1ss
∗f1,k = fj,1(fk,ks)s
∗f1,k = fj,1ss
∗f1,k
= fj,1s(f1,1s)
∗f1,k
= fj,1ss
∗f1,kfk,k.
Likewise, using the fact that sfi,1s = 0 for all i = 1, . . . , n, we get
sb = ss∗s+ s
n∑
i=1
fi,1ss
∗f1,i = ss
∗s
and
bs = s∗s2 +
n∑
i=1
fi,1ss
∗f1,is = s
∗sf1,1s+ f1,1ss
∗f1,1s = 0 + ss
∗s = sb.
This completes the proof of the claim.
It follows that b endows D with a C([0, 1])-algebra structure, and the quotient
map π is a C([0, 1])-algebra homomorphism. For t ∈ [0, 1], denote by D(t) and by
In,n+1(t) the corresponding fibers, and by πt : D(t)→ In,n+1(t) the corresponding
surjection. It suffices now to show that πt is injective for all t.
The fiber In,n+1(t) is isomorphic to Mn if t = 0, to Mn+1 if t = 1, and to
Mn ⊗Mn+1 otherwise. It therefore suffices to show that the fibers D(t) are also
isomorphic to those corresponding matrix algebras. Denote by fj,k(t), s(t) and b(t)
the images of the elements fj,k, s and b in the fiber D(t).
Case I - t = 0: Here b(0) = 0. In particular, as b(0) ≥ s∗(0)s(0), it follows that
s(0) = 0. Therefore, {fj,k(0)}nj,k=1 generates D(0), and these are precisely the
matrix units of Mn. Thus D(0) ∼= Mn.
Case II - t = 1: For k, l = 1, . . . , n we set Ej,k = fj,1(1)s(1)s
∗(1)f1,k(1). We also
set
E1,n+1 = s(1), En+1,1 = s
∗(1), and Ej,k = Ej,1E1,k
for all remaining cases with k, l = 1, . . . , n + 1. Using that b(1) = 1, one now
checks that {Ej,k}n+1k,l=1 are matrix units which generate D(1), which is therefore
isomorphic to Mn+1.
Case III - t ∈ (0, 1): Here b(t) = t1. In order to lighten the notation, we write
the generators as in Remark 4.7. For j, k, l = 1, . . . , n, set
cj,k =
1
t− t2 s(t)f1,j(t)s
∗(t)f1,k(t) and dl =
1√
t(1− t)s(t)f1,l(t).
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We verify that these elements satisfy the conditions from Remark 4.7. To that end,
note first that s2 = 0, and that
ts(t)f1,1(t)
2s∗(t) = s(t)f1,1(t) · t1 · f1,1(t)s∗(t)
= s(t)f1,1(t)
s∗(t)s(t) + n∑
j=1
fj1(t)s(t)s
∗(t)f1,j(t)
 f1,1(t)s∗(t)
= s(t)f1,1(t)s
∗(t)s(t)f1,1(t)s
∗(t)
+ s(t)f1,1(t)
2s(t)s∗(t)f1,1(t)
2s∗(t)
= s(t)f1,1(t)s
∗(t)s(t)f1,1(t)s
∗(t) + s(t)2s∗(t)f1,1(t)
2s∗(t)
= s(t)f1,1(t)s
∗(t)s(t)f1,1(t)s
∗(t) + 0
= s(t)f1,1(t)
1− n∑
j=1
fjj(t)
 f1,1(t)s∗(t)
= s(t)
(
f1,1(t)
2 − f1,1(t)3
)
s∗(t)
Likewise, we see that
ts(t)f1,1(t)s
∗(t) = s(t)
(
f1,1(t)− f1,1(t)2
)
s∗(t).
Thus
s(t)f21,1(t)s
∗(t) = (1− t)s(t)f1,1(t)s∗(t)
and therefore
s(t)
(
f1,1(t)
2 − f1,1(t)3
)
s∗(t) = t(1− t)s(t)f1,1(t)s∗(t)
= t(1− t)s(t)f1,1(t)s∗(t)f1,1(t).
We can now verify that the elements cj,k and dl from above satisfy the conditions
from Remark 4.7. For any quadruple j, k, l,m = 1, . . . , n we have:
cj,kc
∗
lm =
(
1
t− t2
)2
s(t)f1,j(t)s
∗(t)f1,k(t) · fm,1(t)s(t)fl,1(t)s∗(t)
= δk,m
(
1
t− t2
)2
s(t)f1,j(t)s
∗(t)
(
f1,1(t)
2s(t)
)
fl,1(t)s
∗(t)
= δk,m
(
1
t− t2
)2
s(t)f1,j(t)s
∗(t)s(t)fl,1(t)s
∗(t)
= δk,m
(
1
t− t2
)2
s(t)f1,j(t)
(
1−
n∑
i=1
fii(t)
)
fl,1(t)s
∗(t)
= δk,mδj,l
(
1
t− t2
)2
s(t)
(
f1,1(t)
2 − f1,1(t)3
)
s∗(t)
= δk,mδj,l
(
1
t− t2
)2
· t(1 − t)s(t)f1,1(t)s∗(t)f1,1(t) = δk,mδj,lc1,1
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For j, k = 1, . . . , n, we have:
djd
∗
k =
(
1√
t(1 − t)
)2
s(t)f1,j(t) · fk1(t)s(t)∗
= δj,k
1
t(1− t)2 s(t)f1,1(t)
2s(t)∗
= δj,k
1
t(1− t)2 · (1− t)s(t)f1,1(t)s
∗(t) = δj,kc1,1
Similarly, for j, k, l = 1, . . . , n we have:
cj,kd
∗
l =
1
t3/2(1− t)2 s(t)f1,j(t)s
∗(t)f1,k(t) · fl,1(t)s(t)∗
= δkl
1
t3/2(1− t)2 s(t)f1,j(t)s
∗(t)f1,1(t)
2s∗(t)
= δkl
1
t3/2(1− t)2 s(t)f1,j(t)(s
∗(t))2 = 0
and likewise dlc
∗
j,k = 0. By Remark 4.7, it follows that {cj,k, dl : j, k, l = 1, . . . , n}
generates Mn(n+1). Lastly, one checks that {cj,k, dl : j, k, l = 1, . . . , n} also gen-
erates D(t), which one can reconstruct using the matrix form above the given
relations, and we thus omit.
It follows thus far that a pair (ξ, s) as in the statement gives rise to a unital
homomorphism π : In,n+1 → B; it remains to address the issue of equivariance. To
lighten the notation, we use the same letter s to denote the given element in B and
the element s in the universal C∗-algebra In,n+1.
Note that β leaves π(In,n+1) invariant. Furthermore, using that vge1,j = e1,j for
j = 1, . . . , n and for all g ∈ G, it follows that
βg(π(b)) = s
∗s+ ss∗ +
n∑
j=2
ξ(vgej,1)ss
∗ξ(e1,jv
∗
g)
for all g ∈ G. Since vg is unitary and ξ is linear, we deduce that βg(π(b)) = π(b)
for all g ∈ G. Thus, the restriction of β to π(In,n+1) is an action via C([0, 1])-
automorphisms. Thus, it suffices to check equivariance on each fiber.
Let t ∈ (0, 1) and define finie dimensional Hilbert spaces H0, H1 and H2 via
H0 = span{π(c1,1)},
H1 = span{π(cj,k) : j, k = 1, . . . , n}, and H2 = span{π(dl) : l = 1, . . . , n}.
Then H0, H1 and H2 are invariant under β. Set E = span{e1,1, e12, . . . , e1n}. Note
that there are natural isomorphisms H1 ∼= E ⊗ E and H2 ∼= E, the first one given
by identifying e1,j⊗e1,k with cj,k, and the second one given by identifying e1,k with
dk, for j, k = 1, . . . , n. With these identifications, β acts as vg ⊗ vg on H1 while
leaving H0 fixed, and acts as vg on H2. Thus, the action induced by β on the fiber
corresponding to t is conjugate to Ad(v⊗ (v⊕ 1C)). The end-cases t = 0 and t = 1
are verified similarly, thus concluding the proof. 
We will apply Theorem 4.8 in the proof of Theorem 4.1, at the end of this section,
to representations v of the form λ⊗k : G → U(ℓ2(G)⊗k), for k ∈ N. Indeed, if
e ∈ B(ℓ2(G)) denotes the projection onto the constant functions, then e⊗k is a
G-invariant rank-one projections, thus showing that λ⊗k satisfies the assumption
in Theorem 4.8.
33
Proposition 4.9. Let ε > 0 and let G be a finite group. Then there exist k ∈ N
and positive contractions f
(j)
g ∈ IG,k, for g ∈ G and j = 0, 1, 2, satisfying
(a) ‖µ(k)g (f (j)h )− f (j)gh ‖ < ε for all j = 0, 1, 2, and for all g, h ∈ g;
(b) ‖f (j)g f (j)h ‖ < ε for all j = 0, 1, 2, and for all g, h ∈ G with g 6= h;
(c)
∥∥∥∥∥1− ∑g∈G(f (0)j + f (1)g )
∥∥∥∥∥ < ε.
Proof. Since the action
⊗
n∈N
Ad(λ⊗n ⊕ 1): G → ⊗
n∈N
B(ℓ2(G)⊗n ⊕ C) has Rokhlin
dimension 1 by Proposition 4.5, we can find k ∈ N and positive contractions f˜ (j)g ∈
B(ℓ2(G)⊗k ⊕ C), for g ∈ G and j = 0, 1, satisfying
(i) ‖Ad(λ⊗kg ⊕ 1)(f˜ (j)h )− f˜ (j)gh ‖ < ε for all j = 0, 1, and for all g, h ∈ g;
(ii) ‖f˜ (j)g f˜ (j)h ‖ < ε for all j = 0, 1, and for all g, h ∈ G with g 6= h;
(iii)
∥∥∥∥∥1− ∑g∈G(f˜ (0)j + f˜ (1)g )
∥∥∥∥∥ < ε.
For g ∈ G, denote by pg ∈ B(ℓ2(G)) the projection onto the span of δg ∈ ℓ2(G).
Then Ad(λg)(ph) = pgh for all g, h ∈ G, and
∑
g∈G
pg = 1. Regard pg as an element
in B(ℓ2(G)⊗k) ∼= B(ℓ2(G))⊗k via the first factor embedding.
Let h0 ∈ C([0, 1]) denote the inclusion of [0, 1] into C, and set h1 = 1 − h0 ∈
C([0, 1]). For g ∈ G and j = 0, 1, 2, set
f (j)g =
{
h0f˜
(j)
g if j = 0, 1;
h1pg if j = 2.
One checks that conditions (a), (b) and (c) in the statement are satisfied, com-
pleting the proof. 
We will need an equivariant version of Sato’s property (SI).
Definition 4.10. Let G be a countable amenable group, let A be a unital C∗-
algebra, and let α : G→ Aut(A) be an action. Let ω be an ultrafilter. We say that
(A,α) has the equivariant property (SI) if for any ω-central sequences (xn)n∈N and
(yn)n∈N of contractions in A satisfying
lim
n→ω
max
τ∈T (A)
τ(xn) = 0, inf
m∈N
lim
n→ω
min
τ∈T (A)
τ(ymn ) > 0, and
lim
n→ω
‖αg(xn)− xn‖ = lim
n→ω
‖αg(yn)− yn‖ = 0 for all g ∈ G,
then there exists an ω-central sequence (sn)n∈N of contractions in A such that, for
all g ∈ G, we have
lim
n→ω
‖s∗nsn − xn‖ = 0, limn→ω ‖ynsn − sn‖ = 0, and limn→ω ‖αg(sn)− sn‖ = 0.
It is easy to check that the definition above is independent of the ultrafilter
ω. When G acts trivially on A, the equivariant property (SI) reduces to Sato’s
property (SI); see Definition 3.3 in [28]. The following result states that property
(SI) implies the equivariant (SI) whenever the action has the weak tracial Rokhlin
property, or whenever T (A) is a Bauer simplex.
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Proposition 4.11. Let G be a countable amenable group, let A be a separable,
simple, unital C∗-algebra with nonempty trace space, and let α : G → Aut(A) be
an action. Assume that A has property (SI), and assume that at least one of the
following conditions holds:
(1) α has the weak tracial Rokhlin property.
(2) A is nuclear and T (A) is a Bauer simplex with dimcov(∂eT (A)) <∞.
Then (A,α) has the equivariant property (SI).
Proof. (1). Let (xn)n∈N and (yn)n∈N be sequences of positive contractions in A as
in Definition 4.10. Let K ⊆ G be a finite set and let ε > 0.
Claim: there exist a (K, ǫ)-invariant finite subset S ⊆ G and an ω-central
sequence (zn)n∈N of positive contractions in A satisfying the following conditions
for all g, h ∈ S with g 6= h:
zn ≤ yn, inf
m∈N
lim
n→ω
min
τ∈T (A)
τ(zmn ) > 0, and limn→ω
αg(zn)αh(zn) = 0.
Find an (ε/5)2-paving system S1, . . . , SN for G such that each Sℓ is (K, ε)-
invariant; see Theorem 3.3. Let fℓ,g ∈ Aω ∩ A′, for ℓ = 1, . . . , N and g ∈ Sℓ, be
positive contractions as in the definition of the weak tracial Rokhlin property for
α. For ℓ = 1, . . . , N , set κℓ = τ(fℓ,g) > 0 for some g ∈ Sℓ and some τ ∈ T (A) (see
condition (e) in Definition 3.4). Observe that
τ(1) =
N∑
ℓ=1
∑
g∈Sℓ
τ(fℓ,g) =
N∑
ℓ=1
κℓ|Sℓ|.
Set
δ = inf
m∈N
lim
n→ω
min
τ∈T (A)
τ(ymn ) > 0 and κ = min
ℓ=1,...,N
κℓ > 0.
In order to prove the claim, it suffices to show that given m ∈ N and a finite subset
F ⊆ A, there is a sequence (zn)n∈N of positive contractions in A satisfying
• limn→ω ‖zna− azn‖ < 1m for all a ∈ F ;• zn ≤ yn for all n ∈ N;
• limn→ω ‖αg(zn)αh(zn)‖ < 1m for all g, h ∈ S with g 6= h; and
• limn→ωminτ∈T (A) τ(zmn ) > κδ − 1m .
Fix m ∈ N and a finite subset F ⊆ A. Let y ∈ Aω ∩ A′ be the equivalence class
of (yn)n∈N. Then
τ(ym) =
N∑
ℓ=1
∑
g∈Sℓ
τ(ymfℓ,g).
It follows that there exist ℓ0 = 1, . . . , N and g0 ∈ Sℓ0 such that
τ(ymfℓ0,g0) ≥ τ(ym)κℓ0 ≥ τ(ym)κ.
Set S = Sℓ0 . Without loss of generality, we can assume that the unit e of G
belongs to S. Set f = fℓ0,e, and let (fk)k∈N be a sequence of positive contractions
in A representing f .
Choose km ∈ N large enough so that the following conditions are satisfied for all
g, h ∈ S with g 6= h and for all a ∈ F :
‖αg(f1/mkm )αh(f
1/m
km
)‖ < 1
m
, ‖f1/mkm a−af
1/m
km
‖ < 1
m
, and min
τ∈T (A)
τ(fkm) > κ−
1
mδ
.
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(That the first condition can be guaranteed follows from condition (4) on page 42
of [23].)
For n ∈ N, set
zn = y
1/2
n f
1/m
km
y1/2n ∈ Aω .
The first three items above are routinely verified, so we only check the last one:
lim
n→ω
min
τ∈T (A)
τ(zmn ) = limn→ω
min
τ∈T (A)
τ(ymn fkm) ≥ limn→ω minτ∈T (A) τ(y
m
n )(κ−
1
mδ
) > δκ− 1
m
,
as desired. This proves the claim.
Use property (SI) for A with (xn)n∈N and (zn)n∈N to find an ω-central sequence
(rn)n∈N of positive contractions in A such that
lim
n→ω
‖r∗nrn − xn‖ = 0 and lim
n→ω
‖znrn − rn‖ = 0.
For n ∈ N, set sn = 1√
|S|
∑
g∈S
αg(rn). We will show that (sn)n∈N satisfies the
conditions in Definition 4.10. We use that lim
n→ω
‖αg(sn) − sn‖ = 0 at the second
step to get
lim
n→ω
‖ynsn − sn‖ = lim
n→ω
∥∥∥∥∥∥
∑
g∈S
αg(ynrn − rn)
∥∥∥∥∥∥ = 0.
On the other hand,
lim
n→ω
‖xn − s∗nsn‖ = lim
n→ω
∥∥∥∥∥∥xn − 1|S|
∑
g,h∈S
αg(r
∗
n)αh(rn)
∥∥∥∥∥∥
= lim
n→ω
∥∥∥∥∥∥xn − 1|S|
∑
g,h∈S
αg(r
∗
nzn)αh(znrn)
∥∥∥∥∥∥
= lim
n→ω
∥∥∥∥∥∥ 1|S|
∑
g∈S
αg(xn − r∗nznznrn)
∥∥∥∥∥∥
= lim
n→ω
∥∥∥∥∥∥ 1|S|
∑
g∈S
αg(xn − r∗nrn)
∥∥∥∥∥∥ = 0.
Finally, since S is (K, ǫ)-invariant, it is easy to verify that lim
n→ω
‖αk(sn)−sn‖ < ε
for all k ∈ K. Since K ⊆ G and ε > 0 are arbitrary, an application of Kirchberg’s
ε-test shows that (A,α) has the equivariant property (SI).
(2). This follows by combining Proposition 4.4 and Proposition 5.1 in [29]. 
Proposition 4.12. Let G be a countable discrete amenable group, let A be a
separable C∗-algebra, and let α : G→ Aut(A) be an action. If ω is any free ultra-
filter over N, then there is a conditional expectation Eω : Aω → (Aω)αω satisfying
Eω(Aω ∩ A′) = (Aω ∩ A′)αω .
As a consequence, if β : G → Aut(B) is an action of G on a C∗-algebra B, and
π : Aω ∩ A′ → B is an equivariant surjective homomorphism, then π restricts to a
surjective homomorphism (Aω ∩ A′)αω → Bβ .
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Proof. Using amenability of G, choose a Følner sequence (Fn)n∈N. Let P : ℓ
∞(A)→
ℓ∞(A) be the unital completely positive map given by
P (a)n =
1
|Fn|
∑
g∈Fn
αg(an)
for all a ∈ ℓ∞(A) and all n ∈ N.
By a slight abuse of notation, we denote also by α the induced action on ℓ∞(A).
Note that for any g ∈ G and any a ∈ ℓ∞(A), the difference αg(P (a))−P (a) belongs
to c0(A). Furthermore, cω(A) is invariant under P .
Denote by q : ℓ∞(A)→ Aω the quotient map. Let (zk)k∈N be an enumeration of
a dense subset of the unit ball of A. Let L : Aω → ℓ∞(A) be a (possibly non-linear)
lifting for q with ‖L(a)‖ = ‖a‖ for all a ∈ Aω, satisfying
(1) If a ∈ (Aω)αω then for all m ∈ N and for all g ∈ Fm we have ‖αg(L(a)m)−
am‖ < 1/m.
(2) If a ∈ Aω ∩ A′ then for all m ∈ N, for all k = 1, . . . ,m, and for all g ∈ Fm
we have ‖[L(a)m, αg−1(zk)]‖ < 1/m.
(A lift L satisfying the above conditions is easy to construct, defining it element by
element, since we do not even require L to be linear or continuous.)
We now set Eω = q ◦ P ◦ L. Since for any x, y ∈ Aω and any λ1, λ2 ∈ C, the
differences
L(λ1x+ λ2y)− λ1L(x)− λ2L(y), L(xy)− L(x)L(y), and L(x∗)− L(x)∗
belong to cω(A), it follows that Eω is unital and that the image of Eω is (pointwise)
fixed by the group action.
We claim that Eω is completely positive. To this end, we can decompose q ◦ P
differently as follows. Let C =
∏∞
m=1 C(Fm, A) (that is, the C
∗-algebra of bounded
sequences whose m’th term is in C(Fm, A)). For m ∈ N, let θm : A→ C(Fm, A) be
given by θm(a)(g) = αg(a) for all a ∈ A and all g ∈ Fm. Now let θ : ℓ∞(A)→ C be
given by θ(a)m = θm(am) for all a ∈ ℓ∞(A) and allm ∈ N. Denote by
∏
ω C(Fm, A)
the associated ultraproduct5, and let r : C → ∏ω C(Fm, A) be the quotient map.
Notice that θ is a homomorphism, and that θ(cω(A)) ⊆ ker(r). Thus,
r ◦ θ ◦ L : Aω →
∏
ω
C(Fm, A)
is a unital homomorphism. Now, let T : C → ℓ∞(A) be given by T (f)m =
1
|Fm|
∑
g∈Fm
fm(g) for all f ∈ C and all m ∈ N. Then T is a unital completely
positive map, and P = T ◦ θ. Furthermore, as T (ker(r)) ⊆ cω(A), the map T
induces a unital completely positive map
T˜ :
∏
ω
C(Fm, A)→ Aω .
Note that
T˜ ◦ r ◦ θ = q ◦ T ◦ θ = q ◦ P.
It follows that q ◦ P ◦ L is a composition of a completely positive map and a
homomorphism, thus completely positive as claimed.
5Recall that if (An)n∈N is a sequence of C
∗-algebras and ω is a free ultrafilter, then their
ultraproduct
∏
ω
An is defined as the quotient of
∏
∞
n=1
An by the ideal J = {(an)n∈N ∈∏
∞
n=1
An : limω ‖an‖ = 0}.
37
Fix a ∈ (Aω)αω . Then ‖P (L(a))m − L(a)m‖ < 1/m for all m ∈ N, and thus
P (L(a))− L(a) belongs to c0(A) ⊆ cω(A). We conclude that Eω(a) = a.
Fix a ∈ Aω ∩A′. In order to show that Eω(a) ∈ Aω ∩A′, it suffices to show that
[P (L(a)), zk] ∈ cω(A) for all k ∈ N. To see that this is the case, let m ∈ N. Then
‖[P (L(a))m, zk]‖ < 1/m whenever k ≤ m, so [P (L(a)), zk] ∈ c0(A) ⊆ cω(A).
Now let β : G→ Aut(B) be an action of G on a C∗-algebra B, and let π : Aω ∩
A′ → B be an equivariant surjective homomorphism. Given b ∈ Bβ choose a ∈
Aω ∩ A′ satisfying π(a) = b. Equivariance of π implies that π(Eω(a)) = π(a) = b,
as desired. 
For a fixed finite group G, we denote by µ : G→ Aut(R) the unique (up to conju-
gacy) outer action of G on R. Identifying R with the weak closure of ⊗
n∈N
B(ℓ2(G)),
the action µ can be realized as the weak extension of
⊗
n∈N
Ad(λ).
We are now ready to prove Theorem 4.1.
Proof of Theorem 4.1. We adopt the notation from Example 2.5. In particular, we
denote by (M, γ) the equivariantW ∗-bundle obtained from (A,α). By Proposition 3.11,
fiber-action γλ : G→ Aut(Mλ) has theW ∗-Rokhlin property for every λ ∈ ∂eT (A)/G.
In particular, γλ is conjugate to γλ ⊗ µ. It thus follows from Theorem 2.7 that γ
itself is conjugate to γ ⊗ µ. In particular, there is a unital, equivariant homomor-
phism
ψ : (R, µ)→Mω ∩M′.
By Proposition 4.12, there is a natural surjective equivariant homomorphism
π : Aω ∩ A′ → Mω ∩ M′. Let ε > 0, and let k ∈ N be as in the conclusion
of Proposition 4.9. Denote by ϕ : B(ℓ2(G)⊗k) → Mω ∩ M′ the restriction of ψ.
Since JA is an equivariant σ-ideal, there exists a completely positive contractive
equivariant order zero map ρ : B(ℓ2(G)⊗k)→ Aω∩A′ making the following diagram
commute:
Aω ∩ A′
π

B(ℓ2(G)⊗k)
ρ
55
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
ϕ
//Mω ∩M′.
We denote by e ∈ B(ℓ2(G)) the projection onto the constant functions, and
regard e⊗k as a projection in B(ℓ2(G)⊗k). One can easily verify that τω(ρm(e⊗k)) =
1/|G|k for all τ ∈ T (A) and for all m ∈ N.
Since α⊗ idZ has the weak tracial Rokhlin property by Theorem 3.7, part (a) of
Proposition 4.11 implies that there exists a contraction s ∈ (Aω ∩ A′)αω satisfying
s∗s = 1− ρ(1) and ρ(e⊗k)s = s. By Theorem 4.8, there exists a unital equivariant
homomorphism θ : (IG,k, µ
(k)) → (Aω ∩ A′, αω). If f (j)g ∈ IG,k, for g ∈ G and
j = 0, 1, 2, are positive contractions as in the conclusion of Proposition 4.9, the
positive contractions θ(f
(j)
g ) ∈ Aω ∩ A′ satisfy the conditions of Definition 4.3 up
to ǫ. Since ε > 0 is arbitrary, the result follows using a reindexation argument (or
from countable saturation of the equivariant ultrapower Aω; see Subsection 2.2.4
in [7]). 
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5. Equivariant Z-stability of amenable actions
In this section, we prove Theorem B, whose statement we reproduce below.
Theorem 5.1. Let G be a countable amenable group, let A be a separable, simple,
unital C∗-algebra with property (SI), and let α : G→ Aut(A) be an action. Suppose
that A is stably finite, that T (A) is a nonempty Bauer simplex, that dim ∂eT (A) <
∞, and that the induced action of G on ∂eT (A) has finite orbits and Hausdorff
orbit space. Then α is strongly cocycle conjugate to α⊗ idZ .
Observe that we do not assume any form of outerness in the theorem above. In
particular, it reveals new information in the case of strongly self-absorbing actions;
see Theorem 5.6. It also contains and extends Sato’s recent result from [29] regard-
ing Z-stability of the crossed product, see Corollary 5.5. It should be pointed out
that our methods, which rely on the study of equivariantly McDuff W ∗-bundles
carried out in Section 3, are quite different from Sato’s.
This result is a crucial ingredient in upcoming work of the first named author,
Phillips, and Wang [8], where it is shown that an action of an amenable group G
is strongly outer if and only if it absorbs a canonical model action of G on Z.
Theorem 5.1 can be regarded as an equivariant analog of the results of Kirchberg
and Rørdam in [17] for the nonequivariant setting. Our proof follows, broadly
speaking, a similar strategy. Namely, we first show that the W ∗-bundle (M,γ)
obtained from (A,α) absorbs (R, idR) equivariantly. This gives (and, in fact, is
equivalent to having) a unital homomorphism ρ : Mk → (Mω ∩ M′)γω for some
k ≥ 1; see Theorem 2.7. Property (SI), in combination with the weak tracial
Rokhlin property for α (established in Theorem 3.7), yields an equivariant form
of property (SI) which is used to extended ρ to a unital homomorphism from the
dimension drop algebra Ik,k+1 into (Aω ∩ A′)αω . It is then easy to conclude from
this that α absorbs idZ tensorially.
The following lemma is well known in the non-equivariant setting. In our context,
it follows from the fact that equivariant ultrapowers are (countably) saturated; see
Subsection 2.2.4 in [7].
Lemma 5.2. Let G be a discrete group, and let (A,α) = lim−→(An, α
(n)) be an
equivariant direct limit with unital equivariant connecting maps An → An+1. Let
B be any unital C∗-algebra and let ω be a free ultrafilter over N. Then there is a
unital equivariant homomorphism A→ Bω ∩B′ if and only if for every n ∈ N there
exists a unital equivariant homomorphism An → Bω ∩B′.
Our last ingredient will be the verification that amenable group actions on finite
sums of the hyperfinite II1-factor are equivariantly McDuff.
Proposition 5.3. LetM be a finite direct sum of copies of R, let α : G→ Aut(M)
be an action of an amenable group G on M , and let ω be a free ultrafilter on N.
Then there exists a unital homomorphism M2 → (Mω ∩M ′)αω .
We are now ready to prove equivariant Jiang-Su absorption.
Proof of Theorem 5.1. We adopt the notation from Example 2.5. In particular, we
denote by (M, γ) the equivariantW ∗-bundle obtained from (A,α). By Proposition 5.3
and Theorem 2.7, the fiber-action γλ : G → Aut(Mλ) is idR-McDuff, for every
λ ∈ ∂eT (A)/G. By Corollary 2.18, it follows that γ itself is cocycle conjugate to
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γ ⊗ idR. By Theorem 2.7, this is equivalent to the existence, for some k ≥ 2 and
some free ultrafilter ω, of a unital homomorphism
ϕ : Mk → (Mω ∩M′)γω .
By Proposition 4.12, there is a natural surjective homomorphism π : (Aω∩A′)αω →
(Mω∩M′)γω . By projectivity of C0([0, 1))⊗Mk, there exists a completely positive
contractive order zero map ρ : Mk → (Aω ∩ A′)αω making the following diagram
commute:
(Aω ∩A′)αω
π

Mk
ρ
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❧
❧
❧
❧
❧
❧
❧
❧
❧
❧
❧
❧
❧
❧
❧
❧
ϕ
// (Mω ∩M′)γω .
It is then immediate to check that τω(ρ
m(e1,1)) = 1/k for all τ ∈ T (A) and for
all m ∈ N. For j = 1, . . . , k, set cj = ρ(e1,j), which is a contraction in (Aω ∩A′)αω .
It is clear that these elements satisfy
c1 ≥ 0 and cic∗j =
{
c21 if i = j
0 else,
for 1 ≤ i, j ≤ k. By part (b) of Proposition 4.11, there exists a contraction s ∈
(Aω ∩ A′)αω satisfying s∗s = 1 −
k∑
j=1
c∗jcj and c1s = s. By Proposition 5.1 in [27],
there exists a unital homomorphism Ik,k+1 → (Aω ∩ A′)αω . By Lemma 5.2, there
exists a unital homomorphism Z → (Aω ∩ A′)αω . Finally, using virtually the
same argument as in Theorem 2.7, the existence of such a unital homomorphism
is equivalent to α and α ⊗ idZ being strongly cocycle conjugate; see, for example,
Theorem 4.8 in [21] and Theorem 2.6 in [31]. 
It should be pointed out that amenability of G is a necessary assumption in
Theorem 5.1, as shown in [6]. In fact, the combination of these results implies that
amenability of G can be characterized in terms of Z-absorption.
Corollary 5.4. Let G be a discrete group. Then G is amenable if and only if every
action of G on Z absorbs idZ tensorially.
Proof. This is a combination of Theorem 5.1 and Theorem 4.3 in [6]. More specif-
ically, the latter implies that when G is not amenable, then the Bernoulli shift of
G on
⊗
g∈G
Z ∼= Z does not absorb idZ . 
Theorem 5.1 allows us to recover the main result of the recent work [29].
Corollary 5.5. Let G be a countable amenable group, let A be a separable, simple,
unital C∗-algebra with property (SI), and let α : G→ Aut(A) be an action. Suppose
that T (A) is a nonempty Bauer simplex, that dim ∂eT (A) < ∞, and that the
induced action of G on ∂eT (A) has finite orbits and Hausdorff orbit space.
Then A and A⋊α G are Z-stable, and so is Aα when G is finite.
As a further application, we obtain an equivariant analog of Winter’s theorem
from [35]: strongly self-absorbing actions of discrete amenable groups are equivari-
antly Z-stable. This answers a question from [30] concerning unitary regularity.
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Theorem 5.6. Let γ : G→ Aut(D) be a strongly self-absorbing action of a discrete
amenable group G on a tracial strongly self-absorbing C∗-algebra D. Then γ is
cocycle conjugate to γ ⊗ idZ . In particular, γ is unitarily regular.
Proof. Since D is Z-stable by the main result of [35], the result follows from
Theorem 5.1. 
As shown in Example 5.4 of [30], equivariant Z-stability fails for actions of locally
compact amenable groups on Z-stable C∗-algebras – it even fails for compact group
actions on UHF-algebras. On the other hand, the actions constructed in [6] show
that equivariant Z-stability is not automatic for actions of discrete nonamenable
groups, even if they act on Z itself.
References
[1] Joan Bosa, Nathaniel Brown, Yasuhiko Sato, Aaron Tikuisis, Stuart White, and Wilhelm
Winter. Covering dimension of C∗-algebras and 2-coloured classification. Mem. Amer. Math.
Soc., to appear., 2015. Preprint, arXiv:1506.03974.
[2] Siegfried Echterhoff, Wolfgang Lu¨ck, N. Christopher Phillips, and Samuel Walters. The struc-
ture of crossed products of irrational rotation algebras by finite subgroups of SL2(Z). J. Reine
Angew. Math., 639:173–221, 2010.
[3] Eusebio Gardella. Regularity properties and Rokhlin dimension for compact group actions.
Houston J. Math., 43(3):861–889, 2017.
[4] Eusebio Gardella. Rokhlin dimension for compact group actions. Indiana Univ. Math. J.,
66(2):659–703, 2017.
[5] Eusebio Gardella, Ilan Hirshberg, and Luis Santiago. Rokhlin dimension: duality, tracial
properties, and crossed products. 2017. Preprint, arXiv:1709.00222.
[6] Eusebio Gardella and Martino Lupini. Actions of nonamenable groups on Z-stable C∗-
algebras. 2018. Preprint, arXiv:1803.06308.
[7] Eusebio Gardella and Martino Lupini. Applications of model theory to C∗-dynamics. J. Funct.
Anal., 275(7):1889–1942, 2018.
[8] Eusebio Gardella, N. Christopher Phillips, and Qingyun Wang. Absorption of model actions
on the Jiang-Su algebra. 2017. In preparation.
[9] Pavle Goldstein, and Masaki Izumi. Quasi-free actions of finite groups on the Cuntz algebra
O∞. Tohoku Math. J. (2), 63(4): 729–749, 2011.
[10] Ilan Hirshberg and Joav Orovitz. Tracially Z-absorbing C∗-algebras. J. Funct. Anal.,
265(5):765–785, 2013.
[11] Ilan Hirshberg and N. Christopher Phillips. Rokhlin dimension: obstructions and permanence
properties. Doc. Math., 20:199–236, 2015.
[12] Ilan Hirshberg, Ga´bor Szabo´, Wilhelm Winter, and Jianchao Wu. Rokhlin Dimension for
Flows. Comm. Math. Phys., 353(1):253–316, 2017.
[13] Ilan Hirshberg, Wilhelm Winter, and Joachim Zacharias. Rokhlin dimension and C∗-
dynamics. Comm. Math. Phys., 335(2):637–670, 2015.
[14] Masaki Izumi. Finite group actions on C∗-algebras with the Rohlin property. I. Duke Math.
J., 122(2):233–280, 2004.
[15] Masaki Izumi. Finite group actions on C∗-algebras with the Rohlin property. II. Adv. Math.,
184(1):119–160, 2004.
[16] Vaughan F. R. Jones. Actions of finite groups on the hyperfinite type II1 factor. Mem. Amer.
Math. Soc., 28(237):v+70, 1980.
[17] Eberhard Kirchberg and Mikael Rørdam. Central sequence C∗-algebras and tensorial absorp-
tion of the Jiang-Su algebra. J. Reine Angew. Math., 695:175–214, 2014.
[18] Eberhard Kirchberg and WilhelmWinter. Covering dimension and quasidiagonality. Internat.
J. Math., 15(1):63–85, 2004.
[19] Hung-Chang Liao. A Rokhlin type theorem for simple C∗-algebras of finite nuclear dimension.
J. Funct. Anal., 270(10):3675–3708, 2016.
[20] Hung-Chang Liao. Rokhlin dimension of Zm-actions on simple C∗-algebras. Internat. J.
Math., 28(7):1750050, 22, 2017.
41
[21] Hiroki Matui and Yasuhiko Sato. Z-stability of crossed products by strongly outer actions.
Comm. Math. Phys., 314(1):193–228, 2012.
[22] Hiroki Matui and Yasuhiko Sato. Z-stability of crossed products by strongly outer actions II.
Amer. J. Math., 136(6):1441–1496, 2014.
[23] Adrian Ocneanu. Actions of discrete amenable groups on von Neumann algebras, volume
1138 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1985.
[24] Narutaka Ozawa. Dixmier approximation and symmetric amenability for C∗-algebras. J.
Math. Sci. Univ. Tokyo, 20(3):349–374, 2013.
[25] Gert K. Pedersen. C∗-algebras and their automorphism groups, volume 14 of London Math-
ematical Society Monographs. Academic Press, Inc. [Harcourt Brace Jovanovich, Publishers],
London-New York, 1979.
[26] N. Christopher Phillips. The tracial Rokhlin property for actions of finite groups on C∗-
algebras. Amer. J. Math., 133(3):581–636, 2011.
[27] Mikael Rørdam and Wilhelm Winter. The Jiang-Su algebra revisited. J. Reine Angew. Math.,
642:129–155, 2010.
[28] Yasuhiko Sato. The Rohlin property for automorphisms of the Jiang-Su algebra. J. Funct.
Anal., 259(2):453–476, 2010.
[29] Yasuhiko Sato. Actions of amenable groups and crossed products of Z-absorbing C∗-algebras.
2016. Preprint, arXiv:1612.08529.
[30] Gabor Szabo´. Strongly self-absorbing C∗-dynamical systems, II. J. Noncommut. Geom. 12(1),
369–406, 2017.
[31] Gabor Szabo´. Strongly self-absorbing C∗-dynamical systems. Trans. Amer. Math. Soc.
(1)370, 99–130, 2018.
[32] Gabor Szabo´, Jianchao Wu, and Joachim Zacharias. Rokhlin dimension for actions of resid-
ually finite groups. 2014. Preprint, arXiv:1408.6096.
[33] M. Takesaki. Theory of operator algebras. III, volume 127 of Encyclopaedia of Mathematical
Sciences. Springer-Verlag, 2003. Operator Algebras and Non-commutative Geometry, 8.
[34] Qingyun Wang. Tracial Rokhlin Property and Non-Commutative Dimensions. ProQuest
LLC, Ann Arbor, MI, 2013. Thesis (Ph.D.)–Washington University in St. Louis.
[35] Wilhelm Winter. Strongly self-absorbing C∗-algebras are Z-stable. J. Noncommut. Geom.,
5(2):253–264, 2011.
[36] Wilhelm Winter and Joachim Zacharias. Completely positive maps of order zero. Mu¨nster J.
Math., 2:311–324, 2009.
Eusebio Gardella Mathematisches Institut, Fachbereich Mathematik und Informatik
der Universita¨t Mu¨nster, Einsteinstrasse 62, 48149 Mu¨nster, Germany.
E-mail address: gardella@uni-muenster.de
URL: www.math.uni-muenster.de/u/gardella/
Ilan Hirshberg Department of Mathematics, Ben-Gurion University of the Negev,
Beer Sheva 8410501, Israel.
E-mail address: ilan@math.bgu.ac.il
URL: www.math.bgu.ac.il/~ilan/
